Nucleon microscopy in proton-nucleus scattering via analysis of
  bremsstrahlung emission by Maydanyuk, Sergei P. et al.
ar
X
iv
:1
81
2.
07
18
0v
1 
 [n
uc
l-t
h]
  1
8 D
ec
 20
18
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We investigate an idea, how to use analysis of the bremsstrahlung photons to study the internal
structure of proton under nuclear reaction with nucleus. A new model is constructed to describe
bremsstrahlung emission of photons which accompanies the scattering of protons off nuclei. Our
bremsstrahlung formalism uses many-nucleon basis that allows to analyze coherent and incoherent
bremsstrahlung emissions. As scattered proton can be under the influence of strong forces and pro-
duces the largest bremsstrahlung contribution to full spectrum, we focus on accurate determination
of its quantum evolution concerning nucleus basing on quantum mechanics. For such a motivation,
we at first time generalize Pauli equation with interacting potential describing evolution of fermion
inside strong field, with including the electromagnetic form-factors of nucleon basing on DIS theory.
Anomalous magnetic momenta of nucleons reinforce our motivation to develop such a formalism.
The full bremsstrahlung spectrum in our model (after renormalization) is dependent on form-factors
of the scattered proton.
In our calculations we choose the scattering of p +197 Au at proton beam energy of 190 MeV,
where experimental bremsstrahlung data were obtained with high accuracy. We show that the full
bremsstrahlung spectrum is sensitive to the form-factors of the scattered proton. In the limit without
such form-factors, we reconstruct our previous result (where internal structure of the scattered
proton was not studied).
PACS numbers: 41.60.-m, 03.65.Xp, 23.50.+z, 23.20.Js
Keywords: bremsstrahlung, magnetic emission, proton nucleus collisions, photon, nucleon structure, form-
factors of nucleon, microscopic model, Dirac equation, Pauli equation, tunneling
I. INTRODUCTION
Understanding the internal structure of nucleons has attracted researchers for a long time. The first experimental
investigations of structure of protons were performed in inelastic electron–proton scattering at high energies in SLAC
in 1968 (see Ref. [1], p. 96). Now high energy lepton-nucleon scattering (deep inelastic scattering, DIS) plays a
key role in determining internal (partonic) structure of protons. Relevant information is summarized in reports [see
Review PDG [2], also reviews [3–7]]. Investigations of nucleon-nucleon collisions at TEVATRON (Fermilab), RHIC
(Brookhaven), LHC (CERN) show us new important information [2].
Moreover, we know that full information of nuclear forces (strong interactions) cannot be obtained on the basis of
analysis of any type of reactions between two nucleons (clear example is fusion in nuclei, see Ref. [8], also reviews [9–
24]). So, analysis of interactions between two nucleons is not enough (for example, Nijmegen data set [25]), and
we have to include to analysis systems with more nucleons (i.e. nuclei). From microscopic point of view, nuclear
interactions should be completely formed with internal structure of nucleons. This situation leads naturally to new
investigations of interactions (reactions) between nucleons and nuclei, in order to obtain more complete information
about internal structure of nucleons.
The bremsstrahlung emission of photons accompanying nuclear reactions is a traditional sector in nuclear physics,
which has been causing much interest for a long time (see reviews [26, 27]). This is because of such photons provide rich
independent information about the studied nuclear process. Dynamics of the nuclear process, interactions between
nucleons, types of nuclear forces, structure of nuclei, quantum effects, anisotropy (deformations) can be included in the
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2model describing the bremsstrahlung emission. At the same time, measurements of such photons and their analysis
provide information about all these aspects, and verify suitability of the models. So, bremsstrahlung photons is the
tool to obtain experimental information for all above questions.
Anomalous magnetic momenta for neutrons (and protons) is another strong motivation, why there is sense to include
internal structure of nucleons to the bremsstrahlung formalism in nuclear reactions (even for low energies of beams).
As we shown in Ref. [28], magnetic momenta of nucleons play an important role in formation of the magnetic emission
in proton-nucleus scattering. According to our estimations [28], the electric and magnetic bremsstrahlung emissions
have similar magnitudes in such a reaction. It was shown in Ref. [29], that incoherent emission in experimental
bremsstrahlung data [30] for scattering p+208 Pb at 145 MeV of the proton beam energy is not small at low energies
(at 20–120 MeV of photons emitted, see Fig. 5 for details in that paper). Such a type of emission is formed due to
individual interactions between the scattered proton and nucleons of nucleus. However, we did not take into account
anomalous magnetic momenta of nucleons in our model, calculations and analysis of bremsstrahlung experimental
information. As anomalous magnetic moment for neutron is essentially different from its Dirac magnetic moment,
one can suppose that after inclusion of anomalous momenta to the model changes of results [29] can be not small
(for example, this can give essentially different estimation of role of incoherent emission on background of the full
bremsstrahlung spectrum). So, inclusion of internal structure of nucleons to the bremsstrahlung model for nuclear
reactions for energies from low to high is motivated task.
In this paper, we focus on solution how to realize ideas described above. We construct a new bremsstrahlung
model for proton nucleus scattering, where we include internal structure of the scattered proton. As starting basis
for such developments, we use our previous formalism [28, 29] applied for proton nucleus scattering. We use the
first approximation of generalisation of Dirac equation to describe system of nucleons with interacting potential. Of
course, such an equation should describe spinor properties of fermions, and should have fully quantum description of
system of nucleons, in full correspondence with quantum mechanics. As we found, this is many-nucleon generalisation
of Pauli equation with interacting potential investigated in Refs. [28, 29, 31–33]. This way allows us to construct
formalism with some connection with many-nucleon bremsstrahlung developments of other researchers [34–46] (here,
evolution of nucleons is investigated as many body problem of quantum mechanics that allows to save quantum
properties maximally completely). On the other side, our formalism is started from approximation of Dirac equation,
so it allows to include next relativistic corrections in quantum way. DIS theory provides accurate description of
internal structure of nucleons via form-factors, so we implement this formalism to our bremsstrahlung theory. We
estimate new bremsstrahlung contributions of emitted photons, caused by such new addition to the model. The
obtained bremsstrahlung probabilities already dependent on internal structure of the scattered proton. We analyze
and estimate such a dependence.
The paper is organized by the following way. In Sec. II we present our new model of the bremsstrahlung photons
emitted during proton nucleus scattering. In Sec. III we give the results of study for the scattering of p +197 Au at
proton beam energy of 190 MeV. We summarize conclusions in Sect. IV. We present main part of calculations in
Appendixes (see Sect. A–E).
II. MODEL
A. Generalized equation of Pauli for spinor particle with mass m in field V (r) with electromagnetic form
factors
Let us consider Dirac equation for nucleon with mass m inside field V (r) (see [47], p. 21 (1.2.3), p. 32):
ih¯
∂ψ
∂t
=
{
c α
(
p− ze
c
A
)
+ βmc2 + zeA0 + V (r)
}
ψ. (1)
This equation is written in coordinates of Euclidian space (in frameworks of formalism in [47], which includes potentials
in Dirac equation). In particular, we have the following relations between coordinates and corresponding momenta of
Euclidian and pseudo-Euclidian spaces:
x
(ev)
1,2,3 = r, x
(ev)
4 = it, p
(ev)
1,2,3 = −ih¯
d
dx1,2,3
, p
(ev)
4 = i p
(ps)
0 . (2)
We change the wave function as
Ψ = ψ eimc
2t/h¯,
∂Ψ
∂t
= eimc
2t/h¯
(∂ψ
∂t
+
imc2
h¯
ψ
)
,
∂ψ
∂t
= e−imc
2t/h¯ ∂Ψ
∂t
− imc
2
h¯
ψ (3)
3and equation is transformed to the following:
− βh¯∂Ψ
∂t
=
{
i c βα
(
p− ze
c
A
)
+ imc2 + iβ
[
zeA0 + V (r)−mc2
]}
Ψ. (4)
We rewrite this equation via matrixes γµ (we define them, according to Ref. [47]):
γ4 = β =
(
1 0
0 −1
)
, γk = −i βαk =
(
0 −iσk
iσk 0
)
(5)
and obtain:
−h¯ γ4 ∂Ψ
∂t
=
{
−c γk
(
p− ze
c
A
)
+ imc2 + iγ4
[
zeA0 + V (r)−mc2
]}
Ψ. (6)
In order to describe internal structure of the scattered proton, we introduce matrixes Γµ of DIS theory [we define them
according to formalism in Ref. [1], see (3.6) p. 78; we apply approximation where we neglect structure of nucleons of
nucleus] instead of Dirac’s matrixes γµ:
γµ → Γµ = Aγµ +Bp′µ + Cpµ + iDp′ νσµν + i Epνσµν . (7)
A, B, C, D, E are functions depended on the transferred momentum q2 between the scattered proton and nucleon of
nucleus. They characterize internal structure of the scattered proton. p and p′ are momenta of the scattered proton
before its interaction with virtual photon (emitted by nucleon of the nucleus) and after it. One of motivations to use
transition (7) in the formalism is the following. At q2 → 0 we should obtain A(q2 = 0) = 1, and components B, C,
D, E should describe (anomalous) magnetic moment of the scattered proton.
Now equation (6) is rewritten as
−h¯Γ4 ∂Ψ
∂t
=
{
−cΓk
(
p− ze
c
A
)
+ imc2 + iΓ4
[
zeA0 + V (r) −mc2
]}
Ψ. (8)
Substituting explicit form (7) of matrixes Γµ, this equation is transformed as
− h¯ (Aγ4 +Bp′4 + Cp4 + iDp′ νσ4ν + i Epνσ4ν) ∂Ψ∂t =
=
{
−c (Aγk +Bp′k + Cpk + iDp′ νσkν + i Epνσkν) (p− zec A
)
+ imc2+
+ i
(
Aγ4 +Bp
′
4 + Cp4 + iDp
′ νσ4ν + i Ep
νσ4ν
) [
zeA0 + V (r)−mc2
]}
Ψ
(9)
Using Gordon transformation and conditions B = C, E = −D from DIS theory (see [1], p. 79), equation (9) is
transformed to
− h¯ (Aγ4 + iBqν σ4ν) ∂Ψ
∂t
=
{
−c (Aγk + iBqν σkν) (p− ze
c
A
)
+ imc2+
+ i
(
Aγ4 + iBq
ν σ4ν
) [
zeA0 + V (r)−mc2
]}
Ψ,
(10)
where qµ = p′µ − pµ, q2 = q2 + q24 . In DIS theory A = F1 and B = F2 are Dirac and Pauli form-factors of nucleon.
According to Ref. [48], F1 and F2 represent electric charge and (anomalous) magnetic moment of nucleon, they are
F p1 (Q
2 = −q2 = 0) = 1, Fn1 (0) = 0, F p2 (0) = 1.793, Fn2 (0) = −1.913. (11)
We rewrite bi-spinor wave function via spinor components as
Ψ =
(
ϕ
χ
)
. (12)
4Taking explicit form of matrixes γµ (5) into account, we rewrite equation (10) by components as
− h¯
{
F1
(
1 0
0 −1
)
+ iF2q
νσ4ν
} 
∂ϕ
∂t
∂χ
∂t

 = {−c [F1
(
0 −iσk
iσk 0
)
+ iF2q
νσkν
] (
p− ze
c
A
)
+ imc2
(
1 0
0 1
)
+
+ i
[
F1
(
1 0
0 −1
)
+ iF2q
νσ4ν
] [
zeA0 + V (r)−mc2
]} ( ϕ
χ
)
.
(13)
According to definition of σµν (see [47], p. 23) we have:
σµν =
1
2i
(γµγν − γνγµ) (14)
and
σ44 = 0, σk4 = σk
(
0 1
1 0
)
, σkm =
σkσm − σmσk
2i
(
1 0
0 1
)
= εkmj σj
(
1 0
0 1
)
, (15)
where we use property of commutator of Pauli matrixes (see Ref. [49], p. 32, i, j, k = 1, 2, 3):
σiσj = δijI + i εijkσk, (16)
and εijk is unit antisymmetric tensor, ε123 = 1. Substituting these components to (13), we obtain:
i h¯F1
∂ϕ
∂t
− h¯F2qkσk ∂χ
∂t
=
{
−c εkmj F2qk σj
(
p− ze
c
A
)
+mc2 + F1
[
zeA0 + V (r)−mc2
]}
ϕ +
+
{
c
[
F1σm − F2q4σm
] (
p− ze
c
A
)
− i F2qkσk
[
zeA0 + V (r)−mc2
]}
χ,
−i h¯F1 ∂χ
∂t
− h¯F2qkσk ∂ϕ
∂t
=
{
−c [F1σm + F2q4σm] (p− ze
c
A
)
− i F2qkσk
[
zeA0 + V (r) −mc2
]}
ϕ +
+
{
−c εkmj F2qk σj
(
p− ze
c
A
)
+mc2 − F1
[
zeA0 + V (r)−mc2
]}
χ.
(17)
We shall solve system of equations (17). We shall find equations in dependence on ∂ϕ∂t and
∂χ
∂t . The first equation is
obtained, after summarizing the second equation with the first one (17) with multiplication on corresponding factors:
ih¯
{
F 21 − F 22
(
qkσk
)2} ∂ϕ
∂t
−
−
{
c F2
[
−εkmj F1 qk σj − i
(
F1 + F2q
4
)
qkσk σm
](
p− ze
c
A
)
+
+ F1mc
2 +
[
F 21 + F
2
2 (q
kσk)
2
] [
zeA0 + V (r) −mc2
]}
ϕ =
=
{
c
[
F1
(
F1 − F2q4
)
σm − iF 22 qkσk εnmj qn σj
](
p− ze
c
A
)
+ imc2 F2q
kσk − 2i F1F2qkσk
[
zeA0 + V (r)−mc2
]}
χ.
(18)
The second new equation is obtained, when we remove the second equation of system (17) from the first one with
multiplication on corresponding coefficients:
ih¯
{
F 21 − F 22
(
qkσk
)2} ∂χ
∂t
=
=
{
c
[
−iF 22 qkσk εnmj qn σj + F1
(
F1 + F2q
4
)
σm
] (
p− ze
c
A
)
+ iF2q
kσkmc
2 +
+ 2 i F1 F2q
kσk
[
zeA0 + V (r) −mc2
]}
ϕ +
+
{
c
[
iF2q
kσk
(
F1 − F2q4
)
σm + F1 εkmj F2q
k σj
] (
p− ze
c
A
)
−
− F1mc2 +
[
F 21 + F
2
2 (q
kσk)
2
] [
zeA0 + V (r) −mc2
]}
χ.
(19)
5One can see that at limit of
F1 = 1 F2 = 0, (20)
the obtained equations (18) and (19) are transformed to known system of equations (1.3.3) in [47], p. 32] (for one
particle with addition of the potential V ):
ih¯
∂ϕ
∂t
= cσ
(
p− ze
c
A
)
χ+ zeA0 ϕ+ V (r)ϕ,
ih¯
∂χ
∂t
= cσ
(
p− ze
c
A
)
ϕ− 2mc2 χ+ zeA0 χ+ V (r) χ.
(21)
Now we shall apply expansion over powers of 1/c. Here, we follow idea given in [47] (see p. 32–33 in that book). Let
us assume that χ has similar magnitude as ϕ/c. In obtaining new equation in the first approximation, one can omit
all terms with χ (with exception of 2mic
2 χ which includes c2; but we keep terms with zec A) in the second equation
(19). We obtain:[
F1 + F
2
1 + F
2
2 (q
kσk)
2
]
χ =
=
{
1
mc
[
−iF 22 qkσk εnmj qn σj + F1
(
F1 + F2q
4
)
σm
] (
p− ze
c
A
)
+ i (1− 2F1)F2 qkσk
}
ϕ.
(22)
We take into account properties of Pauli matrixes:
(σ1)
2 = (σ2)
2 = (σ3)
2 = 1, σiσj = δijI + i εijkσk, (23)
where εijk is unit antisymmetric tensor, ε123 = 1. We find:(
qkσk
)2
= I q2, (24)
where I is unit matrix. From (22) we obtain:
f(|q|)χ =
{
1
mc
[
−iF 22 qkσk εnmj qn σj + F1
(
F1 + F2q
4
)
σm
] (
p− ze
c
A
)
+ i (1− 2F1)F2 qkσk
}
ϕ, (25)
where we introduced a new notation:
f(|q|) = F1 + F 21 + F 22 (qkσk)2 = F1 + F 21 + F 22 q2. (26)
As next step, we have to substitute this equation to equation (18). Taking (26) into account, we obtain:
ih¯
{
F 21 − F 22 q2
}
f(|q|)∂ϕ
∂t
−
{
c F2
[
−εkmj F1 qk σj − i
(
F1 + F2q
4
)
qkσk σm
](
p− ze
c
A
)
+
+ F1mc
2 +
(
F 21 + F
2
2 q
2
) (
zeA0 + V (r) −mc2
)} · f(|q|)ϕ =
=
{
c
[
F1
(
F1 − F2q4
)
σm − iF 22 qkσk εnmj qn σj
] (
p− ze
c
A
)
+ imc2 F2q
kσk − 2i F1F2qkσk
[
zeA0 + V (r)−mc2
]}×
×
{
1
mc
[
−iF 22 qkσk εnmj qn σj + F1
(
F1 + F2q
4
)
σm
] (
p− ze
c
A
)
+ i (1− 2F1)F2 qkσk
}
ϕ.
(27)
So, we obtain a new equation which depends on one spinor function ϕ only. This equation is generalization of Pauli
equation [see Eqs. (1.3.5)–(1.3.7) in Ref. [47], p. 33], but with included electromagnetic form-factors of nucleon and
the interacting potential V (r) [along to formalism in Ref. [47], see p. 48–60]. It is convenient to rewrite this equation
in compact form:
ih¯
{
F 21 − F 22 q2
}
f(|q|)∂ϕ
∂t
= A · f(|q|) · ϕ+B · ϕ, (28)
where
A = c F2
[
−εkmj F1 qk σj − i
(
F1 + F2q
4
)
qkσk σm
](
p− ze
c
A
)
+
+ F1mc
2 +
(
F 21 + F
2
2 q
2
) (
zeA0 + V (r) −mc2
)
,
(29)
6B =
{
c
[
F1
(
F1 − F2q4
)
σm − iF 22 qkσk εnmj qn σj
](
p− ze
c
A
)
+ imc2 F2q
kσk − 2i F1F2qkσk
[
zeA0 + V (r)−mc2
]}×
×
{
1
mc
[
−iF 22 qkσk εnmj qn σj + F1
(
F1 + F2q
4
)
σm
] (
p− ze
c
A
)
+ i (1− 2F1)F2 qkσk
}
.
(30)
After calculations, we obtain the following solutions for functions A and B (see Appendix A):
B −B1 +A · f(|q|) = i cF2
{
b1 q
m + b2 εmjl q
j σl
}(
p− ze
c
A
)
m
+mc2 b3, (31)
where
mB1 = a1
[(
pi − zie
c
Ai
)2
− zie
c
σH
]
+
(
F 42 q
2 + a2 + a3
) (
qp− ze
c
qA
)2
+mB¯10, (32)
mB¯10 = i εlm′k σk q
lqm
{
(a2 − a3)
(
pmpm′ − ze
c
(Am′pm +Ampm′) +
z2e2
c2
AmAm′
)
+
ih¯ze
c
[
a2
dAm′
dxm
− a3 dAm
dxm′
]}
,
(33)
and
b1 = F
2
1 (1 − F1) + F1F2(3F1 − 1) q4 − F 22
(
F1 + F2q
4
)
q2 − 2F
2
1
mc2
(
F1 + F2q
4
)[
zeA0 + V (r)
]
,
b2 = i
[
2F 21 + F1F2
(
3F1 − 1
)
q4 − F 22
(
2 + F2q
4
)
q2 − 2F1
mc2
(
F 21 + F1F2q
4 − F 22 q2
)(
zeA0 + V (r)
)]
,
b3 =
{
F 21 (1− F 21 )− (1− 2F 21 )F 22 q2 − F 42 q4
}
+
1
mc2
{
F 31 (1 + F1) + F1F
2
2 (3− 2F1)q2 + F 42 q4
}[
zeA0 + V (r)
]
.
(34)
Coefficients a1, a2 and a3 are defined in Appendix A3 [see Eqs. (A30) and (A35)].
B. Operator of emission of bremsstrahlung photons
In this paper we use approximation A0 = 0. On such a basis, from Eqs. (26), (31)–(33) we obtain (see Appendix B,
for details)
ih¯
{
F 31 (1 + F1)− F1F 22 q2 − F 24 q4
} ∂ϕ
∂t
=
(
h0 + hγ0 + hγ1
) · ϕ, (35)
where
h0 =
a1 p
2
i
m
+
(
F 31 (1 + F1) + F1F
2
2 (3− 2F1)q2 + F 42 q4
)
V (r) +
+ mc2
[
F 21 (1− F 21 )− (1− 2F 21 )F 22 q2 − F 42 q4
]
−
− i 2F1F2
mc
{
F1
(
F1 + F2q
4
)
qm + i
(
F 21 + F1F2q
4 − F 22 q2
)
εmjl q
j σl
}
V (r)pm +
+
1
m
{(
F 42 q
2 + a2 + a3
) (
qp
)2
+ i εlm′k σk q
lqm (a2 − a3)pmpm′
}
+
+ i cF2
{[
F 21 (1− F1) + F1F2(3F1 − 1) q4 − F 22
(
F1 + F2q
4
)
q2
]
qm +
+ i
[
2F 21 + F1F2
(
3F1 − 1
)
q4 − F 22
(
2 + F2q
4
)
q2
]
εmjl q
j σl
}
pm,
(36)
hγ0 =
a1
m
[
−zie
c
(−ih¯divA+ 2Ap) + z
2
i e
2
c2
A2 − zie
c
σH
]
,
hγ1 = − i cF2
{
b1 q
m + b2 εmjl q
j σl
} ze
c
Am +
1
m
{(
F 42 q
2 + a2 + a3
) [−2(qp)ze
c
(qA) +
z2e2
c2
(qA)
2
]
+
+ i εlm′k σk q
lqm
[
(a2 − a3)
(
−ze
c
(Am′pm +Ampm′) +
z2e2
c2
AmAm′
)
+
ih¯ze
c
(
a2
dAm′
dxm
− a3 dAm
dxm′
)]}
.
(37)
Here, the first term hγ0 is operator, describing electric and magnetic emissions of the bremsstrahlung photons without
characteristics of the internal structure of the scattered proton. Peculiarities of such types of the (coherent and
incoherent) bremsstrahlung emission in the proton-nucleus scattering were studied in details in Refs. [28, 29]. The
second term hγ1 is operator of emission, describing contribution to the full bremsstrahlung spectrum caused taking
the internal structure of the scattered proton into account.
7C. Elastic scattering of virtual photon on proton
For the first estimations of emission of the bremsstrahlung photons on the basis of the developed formalism, we
shall analyze elastic scattering of virtual photon on proton (scattered off the nucleus). So, energy of this proton in
the scattering is conserved and we have:
q4 = 0, q
2 = −q2 = Q2. (38)
From Eqs. (A30) and (A35) we calculate coefficients:
a1 = (F
2
1 − F 22 Q2)2 =
a22
F 42
, a2 = a3 = F
2
2
[
F 21 − F 22 Q2
]
. (39)
b1 = F
2
1 (1− F1)− F1F 22 Q2 −
2F 31
mc2
V (r),
b2 = i
[
2F 21 − 2F 22 Q2 −
2F1
mc2
(
F 21 − F 22Q2
)
V (r)
]
,
b3 =
{
F 21 (1− F 21 )− (1− 2F 21 )F 22 Q2 − F 42 Q4
}
+
1
mc2
{
F 31 (1 + F1) + F1F
2
2 (3 − 2F1)Q2 + F 42 Q4
}
V (r).
(40)
DIS theory provides kinematic relation for virtual photon and proton (see Eq. (3.7) in Ref. [1], p. 79; we do not
take the internal structure of nucleon of the nucleus into account)1. We obtain:
qp = −1
2
Q2. (41)
We shall use QED representation for the vector potential of the bremsstrahlung emission:
A =
∑
α=1,2
√
2pih¯c2
wph
e(α), ∗e−ikphr. (42)
Here, e(α) are unit vectors of polarization of the photon emitted (e(α),∗ = e(α)), kph is wave vector of the photon
and wph = kphc =
∣∣kph∣∣c. Vectors e(α) are perpendicular to kph in Coulomb calibration. We have two independent
polarizations e(1) and e(2) for the photon with impulse kph (α = 1, 2). We have properties:[
kph × e(1)
]
= kph e
(2),
[
kph × e(2)
]
= − kph e(1),
[
kph × e(3)
]
= 0,
∑
α=1,2,3
[
kph × e(α)
]
= kph (e
(2) − e(1)). (43)
We also need in determination of the scalar multiplication of the vectors q and A. As the first approximation, we
shall introduce a new angle ϕph between these vectors:
qA = qA · sinϕph. (44)
After calculations we obtain the following terms for the hamiltonian (see Appendix C, for details):
h0 =
a1 p
2
m
+
(
F 31 (1 + F1) + F1F
2
2 (3− 2F1)Q2 + F 42 Q4 + i
F 31 F2Q
2
mc
)[
zeA0 + V (r)
]
+
+ mc2
[
F 21 (1 − F 21 )− (1− 2F 21 )F 22 Q2 − F 42 Q4
]
+
Q4
4m
(
F 42Q
2 + 2a2
)− i cF2Q2
2
[
F 21 (1− F1)− F 22F1Q2
]
+
+
{2F1F2
mc
[
zeA0 + V (r)
] − 2cF2}(F 21 − F 22 Q2)εmjl qj σl pm.
(45)
hγ1 = ze F2
√
pih¯c2
wph
e−ikphr
{
2Q sinϕph
[
− i b1 + F2Q
2
mc
(
2F 21 − F 22 Q2
)] −
− i√2 b2 εmjl qj σl
∑
α=1,2
e
(α), ∗
m +
4ze
mc
√
pih¯
wph
F2Q
2
(
2F 21 − F 22 Q2
)
e−ikphr sin2 ϕph
}
.
(46)
hγ0 is not changed.
1 In our formalism developed in the space representation, application of DIS kinematic relations for virtual photons is approximation.
8D. Matrix element of emission of bremsstrahlung photons
Now we calculate the full matrix element of the bremsstrahlung emission. We define it, using as basis our previous
formalism [28, 29, 31–33] (see also Refs. [50–59]) as
Ffi ≡ Ffi,0 + Ffi,1 =
〈
kf
∣∣∣hγ0 + hγ1 ∣∣∣ ki〉 =
∫
ψ∗f (r) (hγ0 + hγ1) ψi(r) dr, (47)
where ψi(r) = |ki
〉
and ψf (r) = |kf
〉
are the stationary wave functions of the proton-nucleus system in the initial
i-state (i.e. state before emission of the bremsstrahlung photon) and final f -state (i.e. state after emission of this
photon) which do not contain number of photons emitted.
In further development of our formalism, we shall assume that it is impossible to fix polarization of virtual photon
concerning polarization of the bremsstrahlung photon. So, we have to average the matrix elements of emission over
angle ϕph and obtain (see Appendix D for details):
Ffi,0 =
〈
kf
∣∣ hγ0 ∣∣ ki〉 = Zeff e
mc
√
2pih¯c2
w
{
pel + pmag,1 + pmag,2
}
,
Ffi,1 =
〈
kf
∣∣ hγ0 ∣∣ ki〉 = Zeff e F2
√
pih¯c2
wph
{
pq,1 + pq,2 + pq,3
}
,
(48)
where
pel = i
∑
α=1,2
e(α)
〈
kf
∣∣∣ e−ikr ∇ ∣∣∣ ki〉,
pmag,1 =
1
2
∑
α=1,2
〈
kf
∣∣∣ e−ikr σ · [e(α) ×∇] ∣∣∣ ki〉,
pmag,2 = −i 1
2
∑
α=1,2
[
k× e(α)
] 〈
kf
∣∣∣ e−ikr σ ∣∣∣ ki〉,
(49)
p˜q,1 = i A1(Q,F1, F2)
〈
kf
∣∣∣ e−ikphr ∣∣∣ ki〉+ i B1(Q,F1, F2)〈kf ∣∣∣ e−ikphr V (r)∣∣∣ ki〉,
p˜q,2 = i A2(Q,F1, F2)
〈
kf
∣∣∣ e−ikphr ∣∣∣ ki〉+ i B2(Q,F1, F2)〈kf ∣∣∣ e−ikphr V (r)∣∣∣ ki〉,
p˜q,3 = i A3(Q,F1, F2)
〈
kf
∣∣∣ e−i2kphr ∣∣∣ ki〉
(50)
and
A1(Q,F1, F2) = − 4Q
pi
{[
F 21 (1− F1)− F1F 22 Q2
]
+ i
F2Q
2
pimc
(
2F 21 − F 22 Q2
)}
,
B1(Q,F1, F2) = 8Q
F 31
pimc2
,
A2(Q,F1, F2) = −i 2
(
F 21 − F 22 Q2
)√
2 εmjl q
j σl
∑
α=1,2
e
(α), ∗
m ,
B2(Q,F1, F2) = i 2
(
F 21 − F 22Q2
) √2F1
mc2
εmjl q
j σl
∑
α=1,2
e(α), ∗m ,
A3(Q,F1, F2) = −i 2ze
mc
√
pih¯
wph
F2Q
2
(
2F 21 − F 22 Q2
)
.
(51)
One can see that the magnetic moment of the scattered proton gives own correction to the full magnetic bremsstrahlung
emission via components pq,1, pq,2 and pq,3 (i.e. the magnetic field of the full nuclear system is changed). Now a
new physical question has been appeared about magnitude of such a magnetic emission. Also a new type of space
distribution of the emitted photons is appeared via term
〈
kf
∣∣∣ e−ikphr V (r)∣∣∣ ki〉.
9E. Wave function of nuclear system and summation over spinor states
We define the wave function of the proton in field of the nucleus, according to formalism in Ref. [28] (see Sect. C,
Eqs. (12)–(13) in that paper). We construct it in form of bilinear combination of eigenfunctions of orbital and spinor
subsystems (as Eq. (1.4.2) in [47], p. 42). However, we shall assume that it is not possible to fix experimentally states
for selectedM (eigenvalue of momentum operator Jˆz). So, we shall be interesting in superposition over all states with
different M and define the wave function so2:
ϕjl(r, s) = Rl (r)
l∑
m=−l
∑
µ=±1/2
Cj,M=m+µlm1/2µ Ylm(nr) vµ(s), (52)
where R (r) is radial scalar function (not dependent on m at the same l), nr = r/r is unit vector directed along r,
Ylm(nr) are spherical functions (we use definition (28,7)–(28,8), p. 119 in [60]), C
jM
lm1/2µ are Clebsh-Gordon coefficients,
s is variable of spin, M = m+µ and l = j± 1/2. For convenience of calculations we shall use spacial wave function as
ϕlm(r) = Rl (r) Ylm(nr). (53)
Using representation (52) for the wave functions, we calculate the matrix elements (49) and (50), according to
formalism in Ref. [28] [see Sect. C, Eqs. (14)–(23) in that paper]:
pel = i
∑
mf ,mi
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi · (e(1) + e(2))
〈
kf
∣∣∣ e−ikr ∇ ∣∣∣ ki〉
r
,
pmag, 1 =
1
2
∑
mf ,mi
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi ·
[
ex + ey i
{
δµi,+1/2 − δµi,−1/2
}
+ ez
]
×
×
[ ∑
α=1,2
e(α) ×
〈
kf
∣∣∣ e−ikr∇∣∣∣ ki〉
r
]
,
pmag, 2 =
−i k
2
∑
mf ,mi
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi ·
[
−1 + i
{
δµi,+1/2 − δµi,−1/2
}] 〈
kf
∣∣∣ e−ikr ∣∣∣ ki〉
r
(54)
and we obtain formulas for new matrix elements:
p˜q,1 = i
∑
mf ,mi
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi ×
×
{
A1(Q,F1, F2)
〈
kf
∣∣∣ e−ikphr ∣∣∣ ki〉
r
+B1(Q,F1, F2)
〈
kf
∣∣∣ e−ikphr V (r)∣∣∣ ki〉
r
}
,
p˜q,3 = i
∑
mf ,mi
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi ·A3(Q,F1, F2)
〈
kf
∣∣∣ e−2ikphr ∣∣∣ ki〉
r
.
(55)
Here,
〈
kf
∣∣ . . .∣∣ ki〉
r
is one-component matrix element
〈
kf
∣∣∣ fˆ ∣∣∣ ki〉
r
≡
∫
R∗f (r) Ylfmf (nr)
∗ fˆ Ri (r) Ylimi(nr) dr, (56)
where integration should be performed over space coordinates only. Here, we orient frame vectors ex, ey and ez so,
that ez be directed along to k. Then, vectors ex and ey can be directed along e
(1) and e(2), correspondingly. In
Coulomb gauge we have:
ex = e
(1), ey = e
(2), |ex| = |ey| = |ez| = 1, |e(3)| = 0. (57)
2 Here, the function (52) is spinor (i.e. two component) solution of equation (35) (which is generalization of the Pauli equation). At the
same time, wave function (12) is bi-spinor (i.e. four component) solution of the Dirac equation. Along to QED formalism (see Ref. [47],
p. 42–44), the wave function (35) is fully characterized by quantum number l (while two components of unite solution (12) of the Dirac
equation have different values of l, and so different radial components in the spherically symmetric consideration). So, representation
(52) in determination of solution of equation (35) is correct.
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F. Calculations of matrix elements of emission in multipolar expansion
As nest step, we apply multipolar expansion in order to calculate the matrix elements of bremsstrahlung emission.
Such calculations are straightforward and they are presented in Appendix E. Calculation of radial integrals in the
obtained solutions (E13), (E14), (E18), (E22) and (E26) for the matrix elements in that Appendix is the most difficult
numeric part in this research. But, they do not depend on µ, and alsomi, mf . So, one can rewrite the matrix elements,
performing summation over such quantum numbers.
1. Representation for matrix element pel
For pel from (E13) and (E19) we obtain:
pMel =
√
pi
2
∑
lph=1
(−i)lph
√
2lph + 1 ·
{√
li
2li + 1
KMel (li, lf , lph, li − 1) ·
[
J1(li, lf , lph) + (li + 1) · J2(li, lf , lph)
]
−
−
√
li + 1
2li + 1
KMel (li, lf , lph, li + 1) ·
[
J1(li, lf , lph)− li · J2(li, lf , lph)
]}
,
pEel =
√
pi
2
∑
lph=1
(−i)lph
√
2lph + 1 ×
×
{√
li (lph + 1)
(2li + 1)(2lph + 1)
·KE(li, lf , lph, li − 1, lph − 1) ·
[
J1(li, lf , lph − 1) + (li + 1) · J2(li, lf , lph − 1)
]
−
−
√
li lph
(2li + 1)(2lph + 1)
·KE(li, lf , lph, li − 1, lph + 1) ·
[
J1(li, lf , lph + 1) + (li + 1) · J2(li, lf , lph + 1)
]
+
+
√
(li + 1)(lph + 1)
(2li + 1)(2lph + 1)
·KE(li, lf , lph, li + 1, lph − 1) ·
[
J1(li, lf , lph − 1)− li · J2(li, lf , lph − 1)
]
−
−
√
(li + 1) lph
(2li + 1)(2lph + 1)
·KE(li, lf , lph, li + 1, lph + 1) ·
[
J1(li, lf , lph + 1)− li · J2(li, lf , lph + 1)
]}
,
(58)
where
KMel (li, lf , lph, li − 1) =
∑
µ=±1
hµ · i µ
∑
mi,mf
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi IM (li, lf , lph, li − 1, µ),
KMel (li, lf , lph, li + 1) =
∑
µ=±1
hµ · i µ
∑
mi,mf
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi IM (li, lf , lph, li + 1, µ).
(59)
KE(li, lf , lph, li − 1, lph − 1) =
∑
µ=±1
hµ
∑
mi,mf
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi IE(li, lf , lph, li − 1, lph − 1, µ),
KE(li, lf , lph, li − 1, lph + 1) =
∑
µ=±1
hµ
∑
mi,mf
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi IE(li, lf , lph, li − 1, lph + 1), µ),
KE(li, lf , lph, li + 1, lph − 1) =
∑
µ=±1
hµ
∑
mi,mf
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi IE(li, lf , lph, li + 1, lph − 1, µ),
KE(li, lf , lph, li + 1, lph + 1) =
∑
µ=±1
hµ
∑
mi,mf
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi IE(li, lf , lph, li + 1, lph + 1, µ).
(60)
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2. Representation for matrix element pmag,1
For electric and magnetic components of pmag,1 from (E13) and (E22) we have:
pMmag,1 =
1
2
√
pi
2
∑
lph=1
(−i)lph
√
2lph + 1 ·
{√
li
2li + 1
KMmag,1(li, lf , lph, li − 1) ·
[
J1(li, lf , lph) + (li + 1) · J2(li, lf , lph)
]
−
−
√
li + 1
2li + 1
KMmag,1(li, lf , lph, li + 1) ·
[
J1(li, lf , lph)− li · J2(li, lf , lph)
]}
,
pEmag,1 =
1
2
√
pi
2
∑
lph=1
(−i)lph
√
2lph + 1 ×
×
{√
li (lph + 1)
(2li + 1)(2lph + 1)
·KE(li, lf , lph, li − 1, lph − 1) ·
[
J1(li, lf , lph − 1) + (li + 1) · J2(li, lf , lph − 1)
]
−
−
√
li lph
(2li + 1)(2lph + 1)
·KE(li, lf , lph, li − 1, lph + 1) ·
[
J1(li, lf , lph + 1) + (li + 1) · J2(li, lf , lph + 1)
]
+
+
√
(li + 1)(lph + 1)
(2li + 1)(2lph + 1)
·KE(li, lf , lph, li + 1, lph − 1) ·
[
J1(li, lf , lph − 1)− li · J2(li, lf , lph − 1)
]
−
−
√
(li + 1) lph
(2li + 1)(2lph + 1)
·KE(li, lf , lph, li + 1, lph + 1) ·
[
J1(li, lf , lph + 1)− li · J2(li, lf , lph + 1)
]}
,
(61)
where
KMmag,1(li, lf , lph, li − 1) =
∑
µ=±1
hµ · i
∑
mi,mf
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi IM (li, lf , lph, li − 1, µ),
KMmag,1(li, lf , lph, li + 1) =
∑
µ=±1
hµ · i
∑
mi,mf
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi IM (li, lf , lph, li + 1, µ).
(62)
KEmag,1(li, lf , lph, li − 1, lph − 1) =
∑
µ=±1
hµ µ
∑
mi,mf
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi IE(li, lf , lph, li − 1, lph − 1, µ),
KEmag,1(li, lf , lph, li − 1, lph + 1) =
∑
µ=±1
hµ µ
∑
mi,mf
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi IE(li, lf , lph, li − 1, lph + 1), µ),
KEmag,1(li, lf , lph, li + 1, lph − 1) =
∑
µ=±1
hµ µ
∑
mi,mf
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi IE(li, lf , lph, li + 1, lph − 1, µ),
KEmag,1(li, lf , lph, li + 1, lph + 1) =
∑
µ=±1
hµ µ
∑
mi,mf
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi IE(li, lf , lph, li + 1, lph + 1, µ).
(63)
3. Representation for matrix element pmag,2
For electric and magnetic components of pmag,2 from (E13) and (E22) we have:
pMmag,2 =
1
2
√
pi
2
k
∑
lph=1
(−i)lph
√
2lph + 1 ·KMmag,2(li, lf , lph, lph) · J˜(li, lf , lph),
pEmag,2 =
1
2
√
pi
2
k
∑
lph=1
(−i)lph
√
2lph + 1 ·
{√
lph + 1
2lph + 1
·KEmag,2(li, lf , lph, lph − 1) · J˜ (li, lf , lph − 1) −
−
√
lph
2lph + 1
·KEmag,2(li, lf , lph, lph + 1) · J˜ (li, lf , lph + 1)
}
,
(64)
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where
KMmag,2(li, lf , lph, lph) =
∑
µ=±1
iµ
∑
mi,mf
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi ×
×
[
−1 + i
{
δµi,+1/2 − δµi,−1/2
}]
I˜ (li, lf , lph, lph, µ),
KEmag,2(li, lf , lph, lph − 1) =
∑
µ=±1
∑
mi,mf
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi
[
−1 + i
{
δµi,+1/2 − δµi,−1/2
}]
×
× I˜ (li, lf , lph, lph − 1, µ),
KEmag,2(li, lf , lph, lph + 1) =
∑
µ=±1
∑
mi,mf
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi
[
−1 + i
{
δµi,+1/2 − δµi,−1/2
}]
×
× I˜ (li, lf , lph, lph + 1, µ).
(65)
4. Representation for matrix element p˜q,1
For electric and magnetic components of p˜q,1 from (E14), (E22) and (E26) we have:
p˜Mq,1 =
√
pi
2
∑
lph=1
(−i)lph
√
2lph + 1 ·KMq,1(li, lf , lph, lph)
{
A1(Q,F1, F2) · J˜ (li, lf , lph) +B1(Q,F1, F2) · J˘ (li, lf , lph)
}
,
p˜Eq,1 =
√
pi
2
∑
lph=1
(−i)lph
√
2lph + 1 ×
×
{
KEq,1(li, lf , lph, lph − 1) ·
√
lph + 1
2lph + 1
·
[
A1(Q,F1, F2) · J˜ (li, lf , lph − 1) +B1(Q,F1, F2) · J˘ (li, lf , lph − 1)
]
−
− KEq,1(li, lf , lph, lph + 1) ·
√
lph
2lph + 1
·
[
A1(Q,F1, F2) · J˜ (li, lf , lph + 1) +B1(Q,F1, F2) · J˘ (li, lf , lph + 1)
]}
,
(66)
where
KMq,1(li, lf , lph, lph) =
∑
µ=±1
i µ
∑
mi,mf
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi · I˜ (li, lf , lph, lph, µ),
KEq,1(li, lf , lph, lph) =
∑
µ=±1
∑
mi,mf
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi · I˜ (li, lf , lph, lph, µ).
(67)
G. Probability of emission of the bremsstrahlung photon
We define the probability of the emitted bremsstrahlung photons on the bass of the full matrix element pfi in
frameworks of formalism given in [28, 29, 31] and we do not repeat it in this paper. In result, we obtain the
bremsstrahlung probability as
dP
dwph
=
e2
2pi c5
wph Ei
m2p ki
∣∣pfi∣∣2. (68)
In further analysis we will calculate the different contributions of the emitted photons to the full bremsstrahlung
spectrum. For estimation of the interesting contribution, we just use the corresponding term pel, pmag,1, pmag,2 or
pq,1.
III. ANALYSIS, DISCUSSIONS
Let us estimate the bremsstrahlung probability accompanying the scattering of protons off nuclei, using formalism
above. For calculations and analysis we choose the reaction of p +197 Au at proton beam energy of 190 MeV,
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where experimental bremsstrahlung data [30] were obtained with high accuracy. Wave function of relative motion
between proton and center-of-mass of nucleus is determined concerning to the proton-nucleus potential in form of
V (r) = vc(r) + vN (r) + vso(r) + vl(r), where vc(r), vN (r), vso(r), and vl(r) are Coulomb, nuclear, spin-orbital, and
centrifugal components defined with parameters in Eqs. (46)–(47) in Ref. [29].
We analyzed these data in our previous paper [29] in details (without consideration of the internal structure of nucle-
ons). In particular, we constructed formalism describing the coherent and incoherent emissions of the bremsstrahlung
photons. We found that inclusion of the incoherent emission to the model allows to improve essentially agreement
between calculations and experimental data [30]. So, in the current research we focus on estimation of role of the
internal structure of the scattered proton in forming the bremsstrahlung spectrum. In order to preform such an
analysis clearly and obtain the first estimations, we shall neglect by incoherent emission (which will make analysis
and formalism to be essentially more complicated) at current step. But, it turns out that this is enough to obtain the
first conclusions about our approach from such an analysis.
At first, we analyze contributions of the electric and magnetic emissions, given by terms pel, pmag,1 and pmag,2, to the
full bremsstrahlung spectrum. Results of such calculations are presented in Fig. 1 (a). We see that the contributions
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FIG. 1: (Color online) The calculated electric and magnetic bremsstrahlung emissions in the scattering of protons off the 197Au
nuclei at energy of proton beam of Ep = 190 MeV in comparison with experimental data [30] [components are defined in
Eqs. (53), (58)–(65)]: (a) electric emission defined by pel (blue dashed line), magnetic emission defined by pmag,1 (red dash-
dotted line) and magnetic emission defined by pmag,2 (green dash-double dotted line). (b) Contributions of the bremsstrahlung
emission given by term pq,1 with different Q in comparison with electric and magnetic emissions.
from electrical and first magnetic terms pel and pmag,1 are similar. But, such two contributions are essentially larger
than contribution for the second magnetic term pmag,2. This result is in complete agreement with analysis given in
Ref. [28]. After reconstruction of the logic given in Ref. [28], now we include the internal structure of the scattered
proton to calculations. Such calculations for contribution of the emitted photons caused by internal structure of
the scattered proton are presented in next Fig. 1 (b), where we provide the bremsstrahlung contributions from pq,1
in dependence on different values for Q. From this figure one can see, that these spectra are essentially different.
Moreover, at some values of Q this contribution of the emitted photons is even larger than the electric and magnetic
contributions presented in Fig. 1 (a).
Comparing Eqs. (49) and (50), one can find that matrix element pq,1 has different dependence on energy of the
emitted photons in comparison with pel, pmag,1 and pmag,2. Moreover, dependence of pq,1 on energy of photons is
changed in variations of Q. So, the summarized bremsstrahlung spectrum with inclusion of term pq,1 will be changed
even after renormalization of calculations at different Q on the same experimental data. We use such an idea in order
to find value for Q, which gives the most close agrement between calculations and experimental data. In order to
realize such an idea, we use our functions of errors previously introduced to the nuclear bremsstrahlung theory (see
Eqs. (23)–(24) in Ref. [31], Eqs. (20) in Ref. [63], also Ref. [8]), which we reformulate as
ε(Q) =
1
N
N∑
k=1
∣∣∣σ(theor)(Ek, Q)− σ(exp)(Ek)∣∣∣
σ(exp)(Ek)
. (69)
Here, σ(theor)(Ek) and σ
(exp)(Ek) are theoretical and experimental bremsstrahlung cross-sections at energy Ek of the
emitted photon, the summation is performed over experimental data (N = 17 for data in Ref. [30]). Such calculations
are presented in Fig. 2. Here, we find Q = 50 MeV corresponding to the minimal function of errors (69).
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FIG. 2: (Color online) Function of errors defined in Eq. (69) in dependence on Q for bremsstrahlung emissions in the scattering
of protons off the 197Au nuclei at energy of proton beam of Ep = 190 MeV [we calculate the full matrix element as summation
of terms pel, pmag,1, pmag,2 and pq,1(Q); experimental data are used from Ref. [30]].
Note that at limit of neglecting of the internal structure of the scattering proton via limit of F1(Q)→ 1, F2(Q)→ 0,
we reconstruct our previous results in Ref. [28] completely.
IV. CONCLUSIONS
In this paper we investigate an idea, how to use analysis of the bremsstrahlung photons to study the internal
structure of proton, which is under nuclear reaction with nucleus (which can be light, middle or superheavy). We
construct a new model describing bremsstrahlung emission of photons which accompanies the scattering of protons
off nuclei.
From physical grounds, emission of photons is formed as result of relative motions (accelerations) of nucleons of
the nucleus-target and the scattering proton. By such a reason, we construct the bremsstrahlung formalism from
many-nucleon basis [29, 31]. This allows to analyze different contributions of coherent and incoherent bremsstrahlung
emissions.
In the model, we focus on the new description of internal structure of the scattered proton3. We are interested if such
a structure can be visible in the full bremsstrahlung spectrum. To realize this aim, we implement electromagnetic form-
factors for nucleons on the basis of DIS theory to our model. As a result, in our formalism the full bremsstrahlung
spectrum is dependent on such form-factors of the scattered proton. In the limit without such form-factors, we
reconstruct our previous results in Ref. [28] completely. As the scattered proton can be under influence of strong
forces and gives the largest bremsstrahlung contribution to full spectrum, we focus on maximally accurate description
of its evolution concerning nucleons of nucleus. Quantum effects and evolution of such a complicated nuclear system
are well described by the scattering theory that has been deeply studied and tested experimentally well. From such
motivations, (for the first time) we generalize Pauli equation with interacting potential (describing quantum evolution
of fermion inside strong field), with including the formalism of electromagnetic form-factors of nucleon. Note that the
idea of generalizations of Pauli equation has been successfully applied in studying coherent bremsstrahlung for the
proton-nucleus scattering [28], and allows to add incoherent processes from individual nucleon-nucleon interactions
[29].
In order to analyze and test our approach, for calculations we choose the reaction of p+197Au at proton beam energy
of 190 MeV, where experimental bremsstrahlung data [30] were obtained with high accuracy. Anomalous magnetic
momenta of nucleons (important in estimations of bremsstrahlung) reinforce our motivation to develop formalism at
such energies of protons. Conclusions from analysis of this model are the following:
1. At first, we analyze contributions of the electric and magnetic emissions, defined by terms pel, pmag,1 and pmag,2 ,
to the full bremsstrahlung spectrum (see Fig. 1 (a)). We find that the electrical and first magnetic contributions
from terms pel and pmag,1 are similar. But, such two contributions are essentially larger than contribution
3 At current formalism, we neglect structure of nucleons of nucleus-target.
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from the second magnetic term pmag,2. So, we reconstruct completely our old result [28] (where the electric
and magnetic coherent emissions were studied in details in such a reaction) without inclusion of the internal
structure of the scattered proton into analysis and calculations.
2. In next step, we analyze and estimate the contribution of bremsstrahlung emission after we include the internal
structure of scattered proton to the model and calculations. This is a new type of bremsstrahlung emission
defined by term pq,1, which we introduce to the bremsstrahlung theory in nuclear physics (see Fig. 1 (b)). This
emission depends on the form-factors of scattered proton. We find that at some value of Q such an emission
can be larger in comparison with the electrical and magnetic emissions (presented in Fig. 1 (a) and studied in
Ref. [28]).
3. Important advance of our approach is in that such a dependence of the bremsstrahlung spectra on form-factors
exists also after renormalization of calculations on experimental data. Using idea of function of errors (69)
(see also Eqs. (23)–(24) in Ref. [31], Eqs. (20) in Ref. [63], Ref. [8]), we extract proper value for Q (we obtain
Q = 50 MeV), which corresponds to the most close agreement between calculated full spectrum and experimental
data [30] (see Fig. 2).
4. In the limit of neglecting of the internal structure of the scattering proton (at F1(Q) → 1, F2(Q) → 0), we
reconstruct results in Ref. [28] completely.
Our results confirm that the full bremsstrahlung spectrum is sensitive to the form-factors of scattered proton (charac-
terizing its internal structure). This is the first indication that this is possible to construct a new type of microscopy
(with higher resolution in comparison with existed one), to study internal structure of nucleons in experimental way
by means of bremsstrahlung analysis.
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Appendix A: Solution of equation (28)
1. Calculations of parameters for Eq. (28)
In this Appendix we solve equation (28). At first, we shall transform function A in Eq. (29). Taking the following
property into account
σiσj = δijI + i εijkσk, εijk εilm = δjlδkm − δjkδlm, (A1)
we obtain:
−εkmj F1 qk σj − i
(
F1 + F2q
4
)
qkσk σm = −i
(
F1 + F2q
4
)
qm + F2 q
4qk εkmjσj . (A2)
Taking this expression into account, now we simplify A in Eq. (29):
A = c F2
[
−i(F1 + F2q4) qm + F2 q4qk εkmjσj](p− ze
c
A
)
m
+
+ F1mc
2 +
(
F 21 + F
2
2 q
2
) (
zeA0 + V (r) −mc2
)
.
(A3)
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We transform function B in Eq. (30) as
B = B1 + i c F2
{[
F1
(
F1 − F2q4
)
σm − iF 22 qkσk εnmj qn σj
]
(1− 2F1) qkσk +
+ qkσk
[
−iF 22 qkσk εnmj qn σj + F1
(
F1 + F2q
4
)
σm
]
−
− 2F1qkσk
[
zeA0 + V (r)−mc2
] 1
mc2
[
−iF 22 qkσk εnmj qn σj + F1
(
F1 + F2q
4
)
σm
]}(
p− ze
c
A
)
−
− mc2 (1− 2F1)F 22 q2 + 2 (1− 2F1)F1F 22
[
zeA0 + V (r) −mc2
]
q2,
(A4)
where
B1 =
1
m
[[
F 21 − F1F2q4 − F 22 q2
]
σm + F
2
2 q
mql σl
](
pm − ze
c
Am
)
×
×
[[
F 21 + F1F2q
4 − F 22 q2
]
σm′ + F
2
2 q
m′ql σl
](
pm′ − ze
c
Am′
)
.
(A5)
Here, we taken property (A8) into account. It is obtained so. Taking properties (A1) into account, we simplify term
(i, j, k = 1, 2, 3)
iF 22 q
kσk εnmj q
n σj = iF
2
2 q
kqn εnmj (σkσj) = iF
2
2 q
kqn εnmj (δkjI + i εkjlσl) = iF
2
2 q
kqn εnmj δkj + iF
2
2 q
kqn εnmj i εkjlσl =
= iF 22 q
kqn εnmk + F
2
2 q
kqk σm − F 22 qmql σl = iF 22 qkqn εnmk + F 22 q2 σm − F 22 qmql σl.
(A6)
Here, the first term equas to zero, as summation is performed over two indexes of antisymmetric εnmk:
qkqn εnmk = −qkqn εnkm = −1
2
(
qkqn εnkm + q
nqk εknm
)
= −1
2
qkqn
(
εnkm − εnkm
)
= 0. (A7)
So, we write:
iF 22 q
kσk εnmj q
n σj = F
2
2 q
2 σm − F 22 qmql σl. (A8)
Now we simplify the first term in final expression in Eq. (A4):
F1
(
F1 − F2q4
)
σm − iF 22 qkσk εnmj qn σj = F1
(
F1 − F2q4
)
σm − F 22 q2 σm + F 22 qmql σl =
=
[
F 21 − F1F2q4 − F 22 q2
]
σm + F
2
2 q
mql σl.
(A9)
Basing on Eqs. (A9) and (24), we find:[
F1
(
F1 − F2q4
)
σm − iF 22 qkσk εnmj qn σj
]
qkσk =
[
F 21 − F1F2q4
]
qm + i
[
F 21 − F1F2q4 − F 22 q2
]
εmjl q
j σl. (A10)
For the second term in Eq. (A4) we find:
− iF 22 qkσk εnm′j qn σj + F1
(
F1 + F2q
4
)
σm′ =
[
F 21 + F1F2q
4 − F 22 q2
]
σm′ + F
2
2 q
m′ql σl. (A11)
and, using logic of transformations (A10), we obtain:[
−iF 22 qkσk εnmj qn σj + F1
(
F1 + F2q
4
)
σm
]
qkσk =
[
F 21 + F1F2q
4
]
qm + i
[
F 21 + F1F2q
4 − F 22 q2
]
εmjl q
j σl.
(A12)
For the third term in Eq. (A4) [taking formula (A12) into account] we have
−2F1qkσk
[
zeA0 + V (r)−mc2
] 1
mc2
[
−iF 22 qkσk εnmj qn σj + F1
(
F1 + F2q
4
)
σm
]
=
= −2F1
mc2
[
zeA0 + V (r)
] · {[F 21 + F1F2q4] qm + i [F 21 + F1F2q4 − F 22 q2] εmjl qj σl} +
+ 2F1 ·
{[
F 21 + F1F2q
4
]
qm + i
[
F 21 + F1F2q
4 − F 22 q2
]
εmjl q
j σl
}
.
(A13)
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Summation of this expression and term (A12) equals to[
−iF 22 qkσk εnmj qn σj + F1
(
F1 + F2q
4
)
σm
]
qkσk −
− 2F1qkσk
[
zeA0 + V (r) −mc2
] 1
mc2
[
−iF 22 qkσk εnmj qn σj + F1
(
F1 + F2q
4
)
σm
]
=
= −2F1
mc2
[
zeA0 + V (r)
] · {[F 21 + F1F2q4] qm + i [F 21 + F1F2q4 − F 22 q2] εmjl qj σl} +
+ (2F1 + 1) ·
{[
F 21 + F1F2q
4
]
qm + i
[
F 21 + F1F2q
4 − F 22 q2
]
εmjl q
j σl
}
.
(A14)
Now we simplify B in Eq. (A4) further:
B = B1 + i c F2
{
(1− 2F1)
[(
F 21 − F1F2q4
)
qm + i
(
F 21 − F1F2q4 − F 22 q2
)
εmjl q
j σl
]
−
− 2F1
mc2
[
zeA0 + V (r)
] · {[F 21 + F1F2q4] qm + i [F 21 + F1F2q4 − F 22 q2] εmjl qj σl} +
+ (2F1 + 1) ·
{[
F 21 + F1F2q
4
]
qm + i
[
F 21 + F1F2q
4 − F 22 q2
]
εmjl q
j σl
}}(
p− ze
c
A
)
m
−
− mc2 (1− 2F1)F 22 q2 + 2 (1− 2F1)F1F 22
[
zeA0 + V (r)−mc2
]
q2.
(A15)
Let us simplify term at
(
p− zec A
)
. We have
(1− 2F1)
[(
F 21 − F1F2q4
)
qm + i
(
F 21 − F1F2q4 − F 22 q2
)
εmjl q
j σl
]
−
− 2F1
mc2
[
zeA0 + V (r)
] · {[F 21 + F1F2q4] qm + i [F 21 + F1F2q4 − F 22 q2] εmjl qj σl} +
+ (2F1 + 1) ·
{[
F 21 + F1F2q
4
]
qm + i
[
F 21 + F1F2q
4 − F 22 q2
]
εmjl q
j σl
}
=
=
[
(1 − 2F1)
(
F 21 − F1F2q4
)
+ (2F1 + 1)
(
F 21 + F1F2q
4
)− 2F1
mc2
(
zeA0 + V (r)
)(
F 21 + F1F2q
4
)]
qm +
+ i
[
(1− 2F1)
(
F 21 − F1F2q4 − F 22 q2
)
+ (2F1 + 1)
(
F 21 + F1F2q
4 − F 22 q2
) −
− 2F1
mc2
(
zeA0 + V (r)
)(
F 21 + F1F2q
4 − F 22 q2
)]
εmjl q
j σl.
(A16)
We consider summation of two terms:
(1− 2F1)
(
F 21 − F1F2q4
)
+ (2F1 + 1)
(
F 21 + F1F2q
4
)
= 2F 21 + 4F1 · F1F2q4 = 2F 21 (1 + 2F2q4). (A17)
Then expression (A16) can be rewritten as
[
2F 21 (1 + 2F2q
4)− 2F1
mc2
(
zeA0 + V (r)
)(
F 21 + F1F2q
4
)]
qm +
+ i
[
2F 21 (1 + 2F2q
4)− (1− 2F1)F 22 q2 − (2F1 + 1)F 22 q2 −
2F1
mc2
(
zeA0 + V (r)
)(
F 21 + F1F2q
4 − F 22 q2
)]
εmjl q
j σl =
=
[
2F 21 (1 + 2F2q
4)− 2F1
mc2
(
zeA0 + V (r)
)(
F 21 + F1F2q
4
)]
qm +
+ i
[
2F 21 (1 + 2F2q
4)− 2F 22 q2 −
2F1
mc2
(
zeA0 + V (r)
)(
F 21 + F1F2q
4 − F 22 q2
)]
εmjl q
j σl.
(A18)
Taking this expression into account, we rewrite solution for B in Eq. (A15):
B = B1 +B2
(
p− ze
c
A
)
m
−mc2 (1− 2F1)F 22 q2 + 2 (1− 2F1)F1F 22
[
zeA0 + V (r)−mc2
]
q2, (A19)
where
B2 = icF2
{[
2F 21 (1 + 2F2q
4)− 2F1
mc2
(
zeA0 + V (r)
)(
F 21 + F1F2q
4
)]
qm +
+ i
[
2F 21 (1 + 2F2q
4)− 2F 22 q2 −
2F1
mc2
(
zeA0 + V (r)
)(
F 21 + F1F2q
4 − F 22 q2
)]
εmjl q
j σl
}
.
(A20)
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As next step, we calculate such a term:
B2 + c F2
[
−i(F1 + F2q4) qm + F2q4qk εkmjσj] · f(|q|) =
= icF2
[
2F 21 (1 + 2F2q
4)− 2F1
mc2
(
zeA0 + V (r)
)(
F 21 + F1F2q
4
)− (F1 + F2q4)f(|q|)] qm −
− cF2
[
2F 21 (1 + 2F2q
4)− 2F 22 q2 −
2F1
mc2
(
zeA0 + V (r)
)(
F 21 + F1F2q
4 − F 22 q2
)− F2q4f(|q|) ] εmjl qj σl.
(A21)
We obtain:
B −B1 +A · f(|q|) = i cF2
{
b1 q
m + b2 εmjl q
j σl
}(
p− ze
c
A
)
m
+mc2 b3, (A22)
where
b1 = 2F
2
1 (1 + 2F2q
4)− 2F1
mc2
(
zeA0 + V (r)
)(
F 21 + F1F2q
4
)− (F1 + F2q4)f(|q|),
b2 = i
[
2F 21 (1 + 2F2q
4)− 2F 22 q2 −
2F1
mc2
(
zeA0 + V (r)
)(
F 21 + F1F2q
4 − F 22 q2
)− F2q4f(|q|) ],
b3 =
1
mc2
{
−mc2 (1− 2F1)F 22 q2 + 2 (1− 2F1)F1F 22
[
zeA0 + V (r)−mc2
]
q2 +
+
[
F1mc
2 +
(
F 21 + F
2
2 q
2
) (
zeA0 + V (r)−mc2
)]
f(|q|)
}
.
(A23)
2. Calculations of b1, b2, b3
Taking into account Eq. (26)
f(|q|) = F1 + F 21 + F 22 q2,
we have
b1 = 2F
2
1 (1 + 2F2q
4)− 2F1
mc2
(
zeA0 + V (r)
)(
F 21 + F1F2q
4
)− (F1 + F2q4) [F1 + F 21 + F 22 q2] =
= F 21 (1− F1) + F1F2(3F1 − 1) q4 − F 22
(
F1 + F2q
4
)
q2 − 2F
2
1
mc2
(
F1 + F2q
4
)(
zeA0 + V (r)
)
.
(A24)
Now we simplify solution for b2. Taking Eq. (26) into account, we obtain:
b2 = i
[
2F 21 (1 + 2F2q
4)− 2F 22 q2 −
2F1
mc2
(
zeA0 + V (r)
)(
F 21 + F1F2q
4 − F 22 q2
)− F2q4 (F1 + F 21 + F 22 q2)] =
= i
[
2F 21 + F2
(
3F 21 − F1
)
q4 − F 22
(
2 + F2q
4
)
q2 − 2F1
mc2
(
F 21 + F1F2q
4 − F 22 q2
)(
zeA0 + V (r)
)]
.
(A25)
We simplify solution for b3, taking (26) into account:
mc2 b3 = mc
2
{
F 21 (1− F 21 )− (1 − 2F 21 )F 22 q2 − F 42 q4
}
+
{
F 31 (1 + F1) + F1F
2
2 (3 − 2F1)q2 + F 42 q4
} [
zeA0 + V (r)
]
.
(A26)
We summarize the found solution:
b1 = F
2
1 (1 − F1) + F1F2(3F1 − 1) q4 − F 22
(
F1 + F2q
4
)
q2 − 2F
2
1
mc2
(
F1 + F2q
4
)[
zeA0 + V (r)
]
,
b2 = i
[
2F 21 + F1F2
(
3F1 − 1
)
q4 − F 22
(
2 + F2q
4
)
q2 − 2F1
mc2
(
F 21 + F1F2q
4 − F 22 q2
)(
zeA0 + V (r)
)]
,
b3 =
{
F 21 (1− F 21 )− (1− 2F 21 )F 22 q2 − F 42 q4
}
+
1
mc2
{
F 31 (1 + F1) + F1F
2
2 (3− 2F1)q2 + F 42 q4
}[
zeA0 + V (r)
]
.
(A27)
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3. Calculation of B1
Let us calculate B1 in Eq. (A5):
mB1 =
[[
F 21 − F1F2q4 − F 22 q2
]
σm
](
pm − ze
c
Am
)
·
[[
F 21 + F1F2q
4 − F 22 q2
]
σm′
](
pm′ − ze
c
Am′
)
+
+ F 22 q
mql σl
(
pm − ze
c
Am
)
·
[[
F 21 + F1F2q
4 − F 22 q2
]
σm′
](
pm′ − ze
c
Am′
)
+
+
[[
F 21 − F1F2q4 − F 22 q2
]
σm
](
pm − ze
c
Am
)
· F 22 qm
′
ql σl
(
pm′ − ze
c
Am′
)
+
+ F 22 q
mql σl
(
pm − ze
c
Am
)
· F 22 qm
′
ql σl
(
pm′ − ze
c
Am′
)
.
(A28)
We simplify the first term in the obtained expression:[[
F 21 − F1F2q4 − F 22 q2
]
σm
](
pm − ze
c
Am
)
·
[[
F 21 + F1F2q
4 − F 22 q2
]
σm′
](
pm′ − ze
c
Am′
)
=
=
[
(F 21 − F 22 q2)2 − F 21 F 22 (q4)2
] · [σ (p− ze
c
A
)]2
= a1 ·
[
σ
(
p− ze
c
A
)]2
,
(A29)
where
a1 = (F
2
1 − F 22 q2)2 − F 21F 22 (q4)2. (A30)
Using properties of Dirac’s matrices, we have
[
σ
(
p− ze
c
A
)]2
=
(
p− ze
c
A
)2
− ze
c
σH, (A31)
where H = rotA is magnetic field. Substituting this equation to Eq. (A29), we obtain:[[
F 21 − F1F2q4 − F 22 q2
]
σm
](
pm − ze
c
Am
)
·
[[
F 21 + F1F2q
4 − F 22 q2
]
σm′
](
pm′ − ze
c
Am′
)
=
= a1
[(
p− ze
c
A
)2
− ze
c
σH
]
.
(A32)
We simplify fourth term in the obtained Eq. (A28) [m,m′ = 1, 2, 3]:
F 22 q
mql σl
(
pm − ze
c
Am
)
· F 22 qm
′
ql σl
(
pm′ − ze
c
Am′
)
= F 42 q
2
(
qmpm − ze
c
qmAm
)2
= F 42 q
2
(
qp− ze
c
qA
)2
.
(A33)
Now we calculate summation of the second and third terms in Eq. (A28):
F 22 q
mql σl
(
pm − ze
c
Am
)
·
[[
F 21 + F1F2q
4 − F 22 q2
]
σm′
](
pm′ − ze
c
Am′
)
+
+
[[
F 21 − F1F2q4 − F 22 q2
]
σm
](
pm − ze
c
Am
)
· F 22 qm
′
ql σl
(
pm′ − ze
c
Am′
)
=
= F 22
[
F 21 + F1F2q
4 − F 22 q2
]
qσ qm
(
pm − ze
c
Am
)
· σm′
(
pm′ − ze
c
Am′
)
+
+ F 22
[
F 21 − F1F2q4 − F 22 q2
]
σmqσ
(
pm − ze
c
Am
)
· qm′
(
pm′ − ze
c
Am′
)
.
(A34)
Introducing new functions:
a2 = F
2
2
[
F 21 + F1F2q
4 − F 22 q2
]
, a3 = F
2
2
[
F 21 − F1F2q4 − F 22 q2
]
, (A35)
we rewrite this summation as
F 22 q
mql σl
(
pm − ze
c
Am
)
·
[[
F 21 + F1F2q
4 − F 22 q2
]
σm′
](
pm′ − ze
c
Am′
)
+
+
[[
F 21 − F1F2q4 − F 22 q2
]
σm
](
pm − ze
c
Am
)
· F 22 qm
′
ql σl
(
pm′ − ze
c
Am′
)
=
= a2 qσ q
m
(
pm − ze
c
Am
)
· σm′
(
pm′ − ze
c
Am′
)
+ a3 σmqσ
(
pm − ze
c
Am
)
· qm′
(
pm′ − ze
c
Am′
)
.
(A36)
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So, we obtain the following expression for B1:
mB1 = a1
[(
pi − zie
c
Ai
)2
− zie
c
σH
]
+ F 42 q
2
(
qp− ze
c
qA
)2
+
+ a2 qσ q
m
(
pm − ze
c
Am
)
· σm′
(
pm′ − ze
c
Am′
)
+ a3 σmqσ
(
pm − ze
c
Am
)
· qm′
(
pm′ − ze
c
Am′
)
=
= a1
[(
pi − zie
c
Ai
)2
− zie
c
σH
]
+ F 42 q
2
(
qp− ze
c
qA
)2
+mB10,
(A37)
where
mB10 = a2 qσ q
m
(
pm − ze
c
Am
)
· σm′
(
pm′ − ze
c
Am′
)
+ a3 σmqσ
(
pm − ze
c
Am
)
· qm′
(
pm′ − ze
c
Am′
)
. (A38)
Taking properties (A1) into account, we simplify the first term in Eq. (A38):
a2 qσ q
m
(
pm − ze
c
Am
)
· σm′
(
pm′ − ze
c
Am′
)
= a2 q
lσl σm′ q
m
(
pm − ze
c
Am
)
·
(
pm′ − ze
c
Am′
)
=
= a2 q
m′qm
(
pm − ze
c
Am
)(
pm′ − ze
c
Am′
)
+ a2 i εlm′k q
lqm σk
(
pm − ze
c
Am
)(
pm′ − ze
c
Am′
) (A39)
and the second term in Eq. (A38):
a3 σmqσ
(
pm − ze
c
Am
)
· qm′
(
pm′ − ze
c
Am′
)
= a3 q
lqm
′
σmσl
(
pm − ze
c
Am
)
·
(
pm′ − ze
c
Am′
)
=
= a3 q
mqm
′
(
pm − ze
c
Am
)(
pm′ − ze
c
Am′
)
+ a3 i εmlk q
lqm
′
σk
(
pm − ze
c
Am
)(
pm′ − ze
c
Am′
)
.
(A40)
We find summation of these two terms:
mB10 = (a2 + a3)
(
qp− ze
c
qA
)2
+mB¯10, (A41)
where
mB¯10 = a2 i εlm′k q
l qmσk
(
pm − ze
c
Am
) (
pm′ − ze
c
Am′
)
+ a3 i εmlk q
lqm
′
σk
(
pm − ze
c
Am
)(
pm′ − ze
c
Am′
)
.
(A42)
Now we rewrite the found solution (A37) as
mB1 = a1
[(
pi − zie
c
Ai
)2
− zie
c
σH
]
+
(
F 42 q
2 + a2 + a3
) (
qp− ze
c
qA
)2
+mB¯10. (A43)
4. Calculation of B¯10
Let us rewrite Eq. (A42):
mB¯10 = a2 i εlm′k q
l qmσk
(
pm − ze
c
Am
)(
pm′ − ze
c
Am′
)
+ a3 i εmlk q
lqm
′
σk
(
pm − ze
c
Am
)(
pm′ − ze
c
Am′
)
.
We find summations:
i a2 εlm′k q
l qmσk pmpm′ + i a3 εmlk q
lqm
′
σk pmpm′ = i (a2 − a3) εlm′k σk qlqm pmpm′ ,
i a2 εlm′k q
l qmσk
ze
c
Am
ze
c
Am′ + i a3 εmlk q
lqm
′
σk
ze
c
Am
ze
c
Am′ = i (a2 − a3) z
2e2
c2
εlm′k σk q
lqmAmAm′ .
(A44)
Now let us consider term:
i a2 εlm′k ql qmσk
[
pm
ze
c
Am′ +
ze
c
Ampm′
]
= i
ze
c
a2 εlm′k q
l qmσk
[−ih¯dAm′
dxm
+Am′pm +Ampm′
]
(A45)
and we obtain:
i a2 εlm′k q
l qmσk
[
pm
ze
c
Am′ +
ze
c
Ampm′
]
+ i a3 εmlk q
l qm
′
σk
[
pm
ze
c
Am′ +
ze
c
Ampm′
]
=
= i
ze
c
εlm′k q
l qmσk
[
−ih¯(a2 dAm′
dxm
− a3 dAm
dxm′
)
+ (a2 − a3) (Am′pm +Ampm′
)]
.
(A46)
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Now we find the final solution for B¯10, performing summation in (A44)–(A46):
mB¯10 = i εlm′k σk q
lqm
{
(a2 − a3)
(
pmpm′ − ze
c
(Am′pm +Ampm′) +
z2e2
c2
AmAm′
)
+
ih¯ze
c
[
a2
dAm′
dxm
− a3 dAm
dxm′
]}
.
(A47)
We write the found solutions for the coefficients a1, a2 and a3:
a1 = (F
2
1 − F 22 q2)2 − F 21F 22 (q4)2, a2 = F 22
[
F 21 + F1F2q
4 − F 22 q2
]
, a3 = F
2
2
[
F 21 − F1F2q4 − F 22 q2
]
. (A48)
Appendix B: Operator of emission of bremsstrahlung photons
In approximation of A0 = 0, and using (26)
f(|q|) = F1 + F 21 + F 22 q2,
we rewrite equation (28) as
ih¯
{
F 31 (1 + F1)− F1F 22 q2 − F 24 q4
} ∂ϕ
∂t
= h0 · ϕ+ hγϕ, (B1)
where
h0 = i cF2
[
b1 q
m + b2 εmjl q
j σl
]
pm +mc
2 b3 +
1
m
{
a1 p
2
i +
(
F 42 q
2 + a2 + a3
) (
qp
)2
+ i εlm′k σk q
lqm (a2 − a3)pmpm′
}
,
hγ = − i cF2
{
b1 q
m + b2 εmjl q
j σl
} ze
c
Am +
+
1
m
{
a1
[(
−zie
c
(pA+Ap)
)
+
z2i e
2
c2
A2 − zie
c
σH
]
+
(
F 42 q
2 + a2 + a3
) [−2(qp)ze
c
(qA) +
z2e2
c2
(qA)
2
]
+
+ i εlm′k σk q
lqm
[
(a2 − a3)
(
−ze
c
(Am′pm +Ampm′) +
z2e2
c2
AmAm′
)
+
ih¯ze
c
(
a2
dAm′
dxm
− a3 dAm
dxm′
)]}
.
(B2)
One can separate explicitly terms with interacting potential in hamiltonian h0. We calculate:
i cF2
[
b1 q
m + b2 εmjl q
j σl
]
pm +mc
2 b3 =
= i cF2
{[
F 21 (1 − F1) + F1F2(3F1 − 1) q4 − F 22
(
F1 + F2q
4
)
q2
]
qm +
+ i
[
2F 21 + F1F2
(
3F1 − 1
)
q4 − F 22
(
2 + F2q
4
)
q2
]
εmjl q
j σl
}
pm +mc
2
[
F 21 (1− F 21 )− (1− 2F 21 )F 22 q2 − F 42 q4
]
+
− i 2F1F2
mc
{
F1
(
F1 + F2q
4
)
qm + i
(
F 21 + F1F2q
4 − F 22 q2
)
εmjl q
j σl
}[
zeA0 + V (r)
]
pm +
+
(
F 31 (1 + F1) + F1F
2
2 (3− 2F1)q2 + F 42 q4
)[
zeA0 + V (r)
]
(B3)
and obtain:
h0 =
a1 p
2
i
m
+
(
F 31 (1 + F1) + F1F
2
2 (3 − 2F1)q2 + F 42 q4
)[
zeA0 + V (r)
]
+
+ mc2
[
F 21 (1− F 21 )− (1 − 2F 21 )F 22 q2 − F 42 q4
]
−
− i 2F1F2
mc
{
F1
(
F1 + F2q
4
)
qm + i
(
F 21 + F1F2q
4 − F 22 q2
)
εmjl q
j σl
}[
zeA0 + V (r)
]
pm +
+
1
m
{(
F 42 q
2 + a2 + a3
) (
qp
)2
+ i εlm′k σk q
lqm (a2 − a3)pmpm′
}
+
+ i cF2
{[
F 21 (1 − F1) + F1F2(3F1 − 1) q4 − F 22
(
F1 + F2q
4
)
q2
]
qm +
+ i
[
2F 21 + F1F2
(
3F1 − 1
)
q4 − F 22
(
2 + F2q
4
)
q2
]
εmjl q
j σl
}
pm.
(B4)
In operator of emission we separate term, corresponding to old our formalism in Ref. [28], where virtual photons
were not included into analysis. From Eq. (B2) we obtain:
hγ = hγ0 + hγ1, (B5)
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where
hγ0 =
a1
m
[
−zie
c
(−ih¯divA+ 2Ap) + z
2
i e
2
c2
A2 − zie
c
σH
]
,
hγ1 = − i cF2
{
b1 q
m + b2 εmjl q
j σl
} ze
c
Am +
1
m
{(
F 42 q
2 + a2 + a3
) [−2(qp)ze
c
(qA) +
z2e2
c2
(qA)
2
]
+
+ i εlm′k σk q
lqm
[
(a2 − a3)
(
−ze
c
(Am′pm +Ampm′) +
z2e2
c2
AmAm′
)
+
ih¯ze
c
(
a2
dAm′
dxm
− a3 dAm
dxm′
)]}
.
(B6)
The first term hγ0 is operator of emission in old formalism in Ref. [28], without inclusion of the virtual photons and
possibility to consider internal ctructure of the scattered proton. The second term hγ1 is correction of old operator
of emission hγ0, which is appeared after inclusion of virtual photons to formalism.
Appendix C: Elastic scattering of virtual photon on proton (scattered off nucleus)
Let us calculate hamiltonians h0 and hγ for the elastic scattering of the virtual photon off proton. From Eq. (36)
we obtain:
h0 =
a1 p
2
m
+
(
F 31 (1 + F1) + F1F
2
2 (3− 2F1)Q2 + F 42 Q4
)
V (r) +
+ mc2
[
F 21 (1 − F 21 )− (1 − 2F 21 )F 22 Q2 − F 42 Q4
]
−
− i 2F1F2
mc
{
F 21 q
m + i
(
F 21 − F 22 Q2
)
εmjl q
j σl
}
V (r)pm +
+
1
m
(
F 42Q
2 + 2a2
) (
qp
)2
+ i cF2
{[
F 21 (1− F1)− F 22F1Q2
]
qm + i
[
2F 21 − 2F 22 Q2
]
εmjl q
j σl
}
pm.
(C1)
hγ0 is not changed. From Eq. (37) for hγ1 we obtain:
hγ1 = − i ze F2
{
b1 qA+ b2 εmjl q
j σlAm
}
+
+
1
m
{(
F 42Q
2 + 2a2
) [−2(qp)ze
c
(qA) +
z2e2
c2
(qA)2
]
+ i εlm′k σk q
lqm
ih¯ze
c
a2
(dAm′
dxm
− dAm
dxm′
)}
=
= − i ze F2
{
b1 qA+ b2 εmjl q
j σlAm
}
+
+
ze
mc
{
F 22
(
2F 21 − F 22 Q2
)[−2(qp) (qA) + ze
c
(qA)
2
]
− h¯a2 εlm′k σk qlqm
(dAm′
dxm
− dAm
dxm′
)}
.
(C2)
For the elastic scattering we use kinematic relation (41), and unperturbed hamiltonian h0 from Eq. (C1) is simplified
as
h0 =
a1 p
2
m
+
(
F 31 (1 + F1) + F1F
2
2 (3− 2F1)Q2 + F 42 Q4 + i
F 31 F2Q
2
mc
)[
zeA0 + V (r)
]
+
+ mc2
[
F 21 (1 − F 21 )− (1− 2F 21 )F 22 Q2 − F 42 Q4
]
+
Q4
4m
(
F 42Q
2 + 2a2
)− i cF2Q2
2
[
F 21 (1− F1)− F 22F1Q2
]
+
+
{2F1F2
mc
[
zeA0 + V (r)
] − 2cF2}(F 21 − F 22 Q2)εmjl qj σl pm.
(C3)
Operator of emission hγ1 from Eq. (C2) is transformed as
hγ1 = − i ze F2
{
b1 qA+ b2 εmjl q
j σlAm
}
+
+
ze
mc
{
F 22
(
2F 21 − F 22 Q2
)[
Q2(qA) +
ze
c
(qA)2
]
− h¯a2 εlm′k σk qlqm
(dAm′
dxm
− dAm
dxm′
)}
.
(C4)
We assume that last term, having Plank constant, is smaller essentially in comparison with other terms. In such a
case, we neglect by such a term and obtain:
hγ1 = − i ze F2
{
b1 qA+ b2 εmjl q
j σlAm
}
+
ze
mc
F 22
(
2F 21 − F 22 Q2
)[
Q2(qA) +
ze
c
(qA)
2
]
. (C5)
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For the QED representation (42) for the vector potential of the electromagnetic field, we introduce new angle ϕph
between vectors q and A for determination of the scalar multiplication of them:
qA = qA · sinϕph. (C6)
We find properties:
qA = 2Q
√
pih¯c2
wph
e−ikphr sinϕph, (qA)
2 = 4Q2
pih¯c2
wph
e−2ikphr sin2 ϕph, (C7)
and we calculate operator of bremsstrahlung emission, related with the virtual photons:
hγ1 = ze F2
√
pih¯c2
wph
e−ikphr
{
2Q sinϕph
[
− i b1 + F2Q
2
mc
(
2F 21 − F 22 Q2
)] −
− i√2 b2 εmjl qj σl
∑
α=1,2
e
(α), ∗
m +
4ze
mc
√
pih¯
wph
F2Q
2
(
2F 21 − F 22 Q2
)
e−ikphr sin2 ϕph
}
.
(C8)
Appendix D: Matrix element of emission of bremsstrahlung photons
1. Calculations of peq, pmag,2 and pmag,2
Taking into account Eqs. (45) and (46) for the operator of emission, we obtain:
Ffi,0 =
〈
kf
∣∣ hγ0 ∣∣ ki〉 =
=
〈
kf
∣∣∣∣Zeff emc
√
2pih¯c2
w
∑
α=1,2
e−ikr
(
i e(α)∇− 1
2
σ ·
[
∇× e(α)
]
+ i
1
2
σ ·
[
k× e(α)
]) ∣∣∣∣ ki
〉
=
= Zeff
e
mc
√
2pih¯c2
w
∑
α=1,2
〈
kf
∣∣∣ e−ikr (i e(α)∇− 1
2
σ ·
[
e(α) ×∇
]
+ i
1
2
σ ·
[
k× e(α)
]) ∣∣∣ ki〉 =
= Zeff
e
mc
√
2pih¯c2
w
{
i
∑
α=1,2
e(α)
〈
kf
∣∣∣ e−ikr ∇ ∣∣∣ ki〉 − 1
2
∑
α=1,2
〈
kf
∣∣∣ e−ikr σ · [e(α) ×∇] ∣∣∣ ki〉 +
+ i
1
2
∑
α=1,2
[
k× e(α)
] 〈
kf
∣∣∣ e−ikr σ ∣∣∣ ki〉
}
,
Ffi,1 =
〈
kf
∣∣ hγ1 ∣∣ ki〉 =
=
〈
kf
∣∣∣∣ ze F2
√
pih¯c2
wph
e−ikphr
{
2Q sinϕph
[
− i b1 + F2Q
2
mc
(
2F 21 − F 22 Q2
)] −
− i√2 b2 εmjl qj σl
∑
α=1,2
e
(α), ∗
m +
4ze
mc
√
pih¯
wph
F2Q
2
(
2F 21 − F 22 Q2
)
e−ikphr sin2 ϕph
}∣∣∣∣ ki
〉
=
= ze F2
√
pih¯c2
wph
{
2Q sinϕph
〈
kf
∣∣∣ e−ikphr [− i b1 + F2Q2
mc
(
2F 21 − F 22 Q2
)]∣∣∣ ki〉 −
− i√2 εmjl qj σl
∑
α=1,2
e
(α), ∗
m
〈
kf
∣∣∣ e−ikphr b2 ∣∣∣ ki〉+ 4ze
mc
√
pih¯
wph
F2Q
2
(
2F 21 − F 22 Q2
)
sin2 ϕph
〈
kf
∣∣∣ e−2ikphr }∣∣∣ ki〉
}
or
Ffi,0 =
〈
kf
∣∣ hγ0 ∣∣ ki〉 = Zeff e
mc
√
2pih¯c2
w
{
pel + pmag,1 + pmag,2
}
,
Ffi,1 =
〈
kf
∣∣ hγ0 ∣∣ ki〉 = Zeff e F2
√
pih¯c2
wph
{
pq,1 + pq,2 + pq,3
}
,
(D1)
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where
pel = i
∑
α=1,2
e(α)
〈
kf
∣∣∣ e−ikr ∇ ∣∣∣ ki〉,
pmag,1 =
1
2
∑
α=1,2
〈
kf
∣∣∣ e−ikr σ · [e(α) ×∇] ∣∣∣ ki〉,
pmag,2 = −i 1
2
∑
α=1,2
[
k× e(α)
] 〈
kf
∣∣∣ e−ikr σ ∣∣∣ ki〉,
(D2)
pq,1 = 2Q sinϕph
〈
kf
∣∣∣ e−ikphr [− i b1 + F2Q2
mc
(
2F 21 − F 22 Q2
)]∣∣∣ ki〉,
pq,2 = − i
√
2 εmjl q
j σl
∑
α=1,2
e
(α), ∗
m
〈
kf
∣∣∣ e−ikphr b2 ∣∣∣ ki〉,
pq,3 =
4ze
mc
√
pih¯
wph
F2Q
2
(
2F 21 − F 22 Q2
)
sin2 ϕph
〈
kf
∣∣∣ e−2ikphr }∣∣∣ ki〉.
(D3)
2. Calculations of pq,1, pq,2 and pq,3, and averaging over polarizations of virtual photons
At A0 = 0
b1 = F
2
1 (1− F1)− F1F 22 Q2 −
2F 31
mc2
V (r),
b2 = i
[
2F 21 − 2F 22 Q2 −
2F1
mc2
(
F 21 − F 22Q2
)
V (r)
]
.
(D4)
Substitute such solutions to Eqs. (D3) and obtain:
pq,1 = 2Q sinϕph
{
−i
[
F 21 (1− F1)− F1F 22 Q2
]
+
F2Q
2
mc
(
2F 21 − F 22 Q2
)}〈
kf
∣∣∣ e−ikphr ∣∣∣ ki〉 +
+ 2Q sinϕph i
2F 31
mc2
〈
kf
∣∣∣ e−ikphr V (r)∣∣∣ ki〉,
pq,2 = 2
(
F 21 − F 22 Q2
)√
2 εmjl q
j σl
∑
α=1,2
e
(α), ∗
m
〈
kf
∣∣∣ e−ikphr ∣∣∣ ki〉 −
− 2 (F 21 − F 22Q2)
√
2F1
mc2
εmjl q
j σl
∑
α=1,2
e(α), ∗m
〈
kf
∣∣∣ e−ikphr V (r)∣∣∣ ki〉.
(D5)
We assume that there is no way to fix direction of polarization of the virtual photons (concerning to vectors of
polarization of the bremsstrahlung photons) experimentally. So, we have to integrate the matrix elements pq,i over
all such a possible directions (i.e. we integrate over angle ϕph, i = 1, 2, 3):
p˜q,i = N ·
pi∫
0
pq,i dϕph, N =
1
pi
. (D6)
Taking into account that
pi∫
0
sinϕph dϕph = 2,
pi∫
0
dϕph = pi,
pi∫
0
sin2 ϕph dϕph =
pi
2
, (D7)
from (D5) and (D3) we obtain:
p˜q,1 = i A1(Q,F1, F2)
〈
kf
∣∣∣ e−ikphr ∣∣∣ ki〉+ i B1(Q,F1, F2)〈kf ∣∣∣ e−ikphr V (r)∣∣∣ ki〉,
p˜q,2 = i A2(Q,F1, F2)
〈
kf
∣∣∣ e−ikphr ∣∣∣ ki〉+ i B2(Q,F1, F2)〈kf ∣∣∣ e−ikphr V (r)∣∣∣ ki〉,
p˜q,3 = i A3(Q,F1, F2)
〈
kf
∣∣∣ e−i2kphr ∣∣∣ ki〉,
(D8)
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where
A1(Q,F1, F2) = − 4Q
pi
{[
F 21 (1− F1)− F1F 22 Q2
]
+ i
F2Q
2
pimc
(
2F 21 − F 22 Q2
)}
,
B1(Q,F1, F2) = 8Q
F 31
pimc2
,
A2(Q,F1, F2) = −i 2
(
F 21 − F 22 Q2
)√
2 εmjl q
j σl
∑
α=1,2
e
(α), ∗
m ,
B2(Q,F1, F2) = i 2
(
F 21 − F 22Q2
) √2F1
mc2
εmjl q
j σl
∑
α=1,2
e(α), ∗m ,
A3(Q,F1, F2) = −i 2ze
mc
√
pih¯
wph
F2Q
2
(
2F 21 − F 22 Q2
)
.
(D9)
Appendix E: Calculations of matrix elements of emission in multipolar expansion
We shall calculate the following matrix elements:〈
kf
∣∣∣ e−ikr ∣∣∣ ki〉
r
=
∫
ϕ∗f (r) e
−ikr ϕi(r) dr,
〈
kf
∣∣∣∣ e−ikr ∂∂r
∣∣∣∣ ki
〉
r
=
∫
ϕ∗f (r) e
−ikr ∂
∂r
ϕi(r) dr. (E1)
1. Expansion of the vector potential A by multipoles
Let us expand the vectorial potential A of electromagnetic field by multipolar terms. According to Ref. [61]
[see (2.106), p. 58], in the spherical symmetric approximation we have:
ξµ e
ikr = µ
√
2pi
∑
l=1
(2l + 1)1/2 il ·
[
Alµ(r,M) + iµAlµ(r, E)
]
, (E2)
where (see [61], (2.73) in p. 49, (2.80) in p. 51)
Alµ(r,M) = jl(kr)Tll,µ(nr),
Alµ(r, E) =
√
l + 1
2l+ 1
jl−1(kr)Tll−1,µ(nr) −
√
l
2l+ 1
jl+1(kr)Tll+1,µ(nr).
(E3)
Here, Alµ(r,M) and Alµ(r, E) are magnetic and electric multipoles, jl(kr) is spherical Bessel function of order l,
Tll′,µ(nr) are vector spherical harmonics. We orient the frame so that axis z be directed along the vector k (see [61],
(2.105) in p. 57). According to [61] (see p. 45), the functions Tll′,µ(nr) have the following form (ξ0 = 0):
Tjl,m(nr) =
∑
µ=±1
(l, 1, j
∣∣m− µ, µ,m) Yl,m−µ(nr) ξµ, (E4)
where (l, 1, j
∣∣m− µ, µ,m) are Clebsh-Gordon coefficients, Ylm(θ, ϕ) are spherical functions defined, according to [60]
(see p. 119, (28,7)–(28,8)). From eq.app. (E2) one can obtain such a formula (at e(3) = 0):
e−ikr =
1
2
∑
µ=±1
ξµ µ
√
2pi
∑
l=1
(2l + 1)1/2 (−i)l ·
[
A∗lµ(r,M)− iµA∗lµ(r, E)
]
. (E5)
2. Spherically symmetric nucleus
Using (E5), for (E2) we find:〈
kf
∣∣∣ e−ikr ∣∣∣ ki〉
r
=
√
pi
2
∑
lph=1
(−i)lph
√
2lph + 1
∑
µ=±1
[
µ p˜Mlphµ − i p˜Elphµ
]
,
〈
kf
∣∣∣∣ e−ikr ∂∂r
∣∣∣∣ ki
〉
r
=
√
pi
2
∑
lph=1
(−i)lph
√
2lph + 1
∑
µ=±1
ξµ µ ×
[
pMlphµ − iµ pElphµ
]
,
(E6)
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where
pMlphµ =
∫
ϕ∗f (r)
(
∂
∂r
ϕi(r)
)
A∗lphµ(r,M) dr, p
E
lphµ
=
∫
ϕ∗f (r)
(
∂
∂r
ϕi(r)
)
A∗lphµ(r, E) dr, (E7)
and
p˜Mlphµ = ξµ
∫
ϕ∗f (r)ϕi(r) A
∗
lphµ
(r,M) dr, p˜Elphµ = ξµ
∫
ϕ∗f (r)ϕi(r) A
∗
lphµ
(r, E) dr. (E8)
Now we shall calculate components in Eqs. (54). For the first and third items we obtain:
pel = i
√
pi
2
∑
mi,mf
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi ·
∑
lph=1
(−i)lph
√
2lph + 1 ·
[
pMlph − i pElph
]
,
pmag, 2 =
−i k
2
√
pi
2
∑
mi,mf
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi ×
×
[
−1 + i
{
δµi,+1/2 − δµi,−1/2
}]
·
∑
lph=1
(−i)lph
√
2lph + 1 ·
[
p˜Mlph − i p˜Elph
]
,
(E9)
where
pMlph =
∑
µ=±1
hµ µ p
M
lphµ
, pElph =
∑
µ=±1
hµ p
E
lphµ
, p˜Mlph =
∑
µ=±1
µ p˜Mlphµ, p˜
M
lph
=
∑
µ=±1
p˜Elphµ. (E10)
Now we shall analyze the second item in Eqs. (54) and find:
pmag, 1 =
1
2
∑
mi,mf
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi ·
[ 1√
2
(
ξ−1 − ξ+1
)
+
i√
2
(
ξ−1 + ξ+1
)
i
{
δµi,+1/2 −
− δµi,−1/2
}
+ ez
]
×
[ ∑
µ=±1
hµξ
∗
µ ×
√
pi
2
∑
l
(−i)l
√
2l + 1
∑
µ′=±1
ξµ′ µ
′ ×
[
pMlµ′ − iµ′ pElµ′
] ]
.
(E11)
Taking properties (43) into account, we calculate Eq. (E11):
pmag, 1 = −1
2
√
pi
2
∑
mi,mf
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi
∑
lph
(−i)lph
√
2lph + 1 ·
∑
µ=±1
i hµ µ
[
µ pMlphµ − i pElphµ
]
.
(E12)
So, we have found all components in Eqs. (54):
pel =
√
pi
2
∑
lph=1
(−i)lph
√
2lph + 1 ·
∑
µ=±1
hµ ·
∑
mi,mf
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi
[
i µ p
Mmimf
lphµ
+ p
Emimf
lphµ
]
,
pmag,1 =
1
2
√
pi
2
∑
lph=1
(−i)lph
√
2lph + 1 ·
∑
µ=±1
hµ µ
∑
mi,mf
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi
[
i µ p
Mmimf
lphµ
+ p
Emimf
lphµ
]
,
pmag,2 =
√
pi
8
k
∑
lph=1
(−i)lph
√
2lph + 1 ·
∑
µ=±1
∑
mi,mf
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi ×
×
[
−1 + i
{
δµi,+1/2 − δµi,−1/2
}]
·
[
i µ p˜
Mmimf
lphµ
+ p˜
Emimf
lphµ
]
.
(E13)
3. Matrix element p˜q,1 at spherically symmetric description of nucleus
On the basis of the obtained formalism for the matrix elements above, we write matrix element p˜q,1:
p˜q,1 =
√
pi
2
∑
lph=1
(−i)lph
√
2lph + 1 ·
∑
µ±1
∑
mf ,mi
∑
µi, µf=±1/2
C
jfMf , ∗
lfmf1/2µf
CjiMilimi1/2µi ×
×
{
A1(Q,F1, F2)
[
iµ p˜
Mmimf
lphµ
+ p˜
Emimf
lphµ
]
+B1(Q,F1, F2)
[
iµ p˘
Mmimf
lphµ
+ p˘
Emimf
lphµ
]}
,
(E14)
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where p˜Mlphµ and p˜
E
lphµ
are defined in Eqs. (E10) and
p˘
Mmimf
lphµ
= ξµ
∫
ϕ∗f (r)ϕi(r)V (r) A
∗
lphµ
(r,M) dr, p˘
Emimf
lphµ
= ξµ
∫
ϕ∗f (r)ϕi(r)V (r) A
∗
lphµ
(r, E) dr. (E15)
4. Calculations of components pMlphµ, p
E
lphµ
and p˜Mlphµ, p˜
E
lphµ
: case of li 6= 0
Let us consider a case, when the full nuclear system has li 6= 0 in the initial state. Using gradient formula, we
obtain:
∂
∂r
ϕi(r) =
∂
∂r
{
Ri(r) Ylimi(n
i
r)
}
=
=
√
li
2li + 1
(
dRi(r)
dr
+
li + 1
r
Ri(r)
)
Tlili−1,mi(n
i
r)−
√
li + 1
2li + 1
(
dRi(r)
dr
− li
r
Ri(r)
)
Tlili+1,mi(n
i
r).
(E16)
Using such a formula, for the magnetic component pMlµ li 6= 0 we have:
pMlµ =
+∞∫
0
dr
∫
dΩ r2ϕ∗f (r)
(
∂
∂r
ϕi(r)
)
A∗lµ(r,M) =
=
+∞∫
0
dr
∫
dΩ r2R∗f (r) Y
∗
lfm(n
f
r )
{√
li
2li + 1
(
dRi(r)
dr
+
li + 1
r
Ri(r)
)
Tlili−1,mi(n
i
r) −
−
√
li + 1
2li + 1
(
dRi(r)
dr
− li
r
Ri(r)
)
Tlili+1,mi(n
i
r)
}
jlph(kr)T
∗
lphlph,µ(nph) =
=
√
li
2li + 1
+∞∫
0
R∗f (r)
(
dRi(r)
dr
+
li + 1
r
Ri(r)
)
jlph(kr) r
2dr ·
∫
Y ∗lfm(n
f
r )Tlili−1,mi(n
i
r)T
∗
lphlph,µ
(nph) dΩ −
−
√
li + 1
2li + 1
+∞∫
0
R∗f (r)
(
dRi(r)
dr
− li
r
Ri(r)
)
jlph(kr) r
2dr ·
∫
Y ∗lfm(n
f
r )Tlili+1,mi(n
i
r)T
∗
lphlph,µ
(nph) dΩ.
For electric component pElphµ we have:
pElphµ =
+∞∫
0
dr
∫
dΩ r2ϕ∗f (r)
(
∂
∂r
ϕi(r)
)
A∗lphµ(r, E) =
=
+∞∫
0
dr
∫
dΩ r2R∗f (r)Y
∗
lfmf (n
f
r ) ·
{√
li
2li + 1
(
dRi(r)
dr
+
li + 1
r
Ri(r)
)
Tlili−1,mi(n
i
r)−
−
√
li + 1
2li + 1
(
dRi(r)
dr
− li
r
Ri(r)
)
Tlili+1,mi(n
i
r)
}
×
×
{√
lph + 1
2lph + 1
jlph−1(kr)T
∗
lphlph−1,µ
(nph)−
√
lph
2lph + 1
jlph+1(kr)T
∗
lphlph+1,µ
(nph)
}
=
=
√
li
2li + 1
√
lph + 1
2lph + 1
+∞∫
0
R∗f (r)
(
dRi(r)
dr
+
li + 1
r
Ri(r)
)
jlph−1(kr) r
2dr
∫
Y ∗lfmf (n
f
r )Tlili−1,mi(n
i
r)T
∗
lphlph−1,µ
(nph) dΩ−
−
√
li
2li + 1
√
lph
2lph + 1
+∞∫
0
R∗f (r)
(
dRi(r)
dr
+
li + 1
r
Ri(r)
)
jlph+1(kr) r
2dr
∫
Y ∗lfmf (n
f
r )Tlili−1,mi(n
i
r)T
∗
lphlph+1,µ
(nph) dΩ+
+
√
li + 1
2li + 1
√
lph + 1
2lph + 1
+∞∫
0
R∗f (r)
(
dRi(r)
dr
− li
r
Ri(r)
)
jlph−1(kr) r
2dr
∫
Y ∗lfmf (n
f
r )Tlili+1,mi(n
i
r)T
∗
lphlph−1,µ
(nph) dΩ−
−
√
li + 1
2li + 1
√
lph
2lph + 1
+∞∫
0
R∗f (r)
(
dRi(r)
dr
− li
r
Ri(r)
)
jlph+1(kr) r
2dr
∫
Y ∗lfmf (n
f
r )Tlili+1,mi(n
i
r)T
∗
lphlph+1,µ
(nph) dΩ.
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So, components pMlphµ and p
E
lphµ
have form:
pMlphµ =
√
li
2li + 1
+∞∫
0
R∗f (r)
(
dRi(r)
dr
+
li + 1
r
Ri(r)
)
jlph(kr) r
2dr ·
∫
Y ∗lfmf (n
f
r )Tlili−1,mi(n
i
r)T
∗
lphlph,µ(nph) dΩ −
−
√
li + 1
2li + 1
+∞∫
0
R∗f (r)
(
dRi(r)
dr
− li
r
Ri(r)
)
jlph(kr) r
2dr ·
∫
Y ∗lfmf (n
f
r )Tlili+1,mi(n
i
r)T
∗
lphlph,µ(nph) dΩ,
pElphµ =
√
li
2li + 1
√
lph + 1
2lph + 1
+∞∫
0
R∗f (r)
(
dRi(r)
dr
+
li + 1
r
Ri(r)
)
jlph−1(kr) r
2dr×
×
∫
Y ∗lfmf (n
f
r )Tlili−1,mi(n
i
r)T
∗
lphlph−1,µ
(nph) dΩ−
−
√
li
2li + 1
√
lph
2lph + 1
+∞∫
0
R∗f (r)
(
dRi(r)
dr
+
li + 1
r
Ri(r)
)
jlph+1(kr) r
2dr×
×
∫
Y ∗lfmf (n
f
r )Tlili−1,mi(n
i
r)T
∗
lphlph+1,µ(nph) dΩ+
+
√
li + 1
2li + 1
√
lph + 1
2lph + 1
+∞∫
0
R∗f (r)
(
dRi(r)
dr
− li
r
Ri(r)
)
jlph−1(kr) r
2dr
∫
Y ∗lfmf (n
f
r )Tlili+1,mi(n
i
r)T
∗
lphlph−1,µ
(nph) dΩ−
−
√
li + 1
2li + 1
√
lph
2lph + 1
+∞∫
0
R∗f (r)
(
dRi(r)
dr
− li
r
Ri(r)
)
jlph+1(kr) r
2dr
∫
Y ∗lfmf (n
f
r )Tlili+1,mi(n
i
r)T
∗
lphlph+1,µ
(nph) dΩ.
(E17)
Let us introduce the following notions:
J1(li, lf , n) =
+∞∫
0
dRi(r, li)
dr
R∗f (lf , r) jn(kr) r
2dr,
J2(li, lf , n) =
+∞∫
0
Ri(r, li)R
∗
f (lf , r) jn(kr) r dr,
IM (li, lf , lph, l1, µ) =
∫
Y ∗lfmf (n
f
r )Tli l1,mi(n
i
r)T
∗
lph lph, µ(nph) dΩ,
IE (li, lf , lph, l1, l2, µ) =
∫
Y ∗lfmf (n
f
r )Tlil1,mi(n
i
r)T
∗
lphl2, µ
(nph) dΩ.
(E18)
Then, one can rewrite Eqs. (E17) as
pMlph,µ =
√
li
2li + 1
IM (li, lf , lph, li − 1, µ) ·
{
J1(li, lf , lph) + (li + 1) · J2(li, lf , lph)
}
−
−
√
li + 1
2li + 1
IM (li, lf , lph, li + 1, µ) ·
{
J1(li, lf , lph)− li · J2(li, lf , lph)
}
,
pElph,µ =
√
li (lph + 1)
(2li + 1)(2lph + 1)
· IE(li, lf , lph, li − 1, lph − 1, µ) ·
{
J1(li, lf , lph − 1) + (li + 1) · J2(li, lf , lph − 1)
}
−
−
√
li lph
(2li + 1)(2lph + 1)
· IE(li, lf , lph, li − 1, lph + 1, µ) ·
{
J1(li, lf , lph + 1) + (li + 1) · J2(li, lf , lph + 1)
}
+
+
√
(li + 1)(lph + 1)
(2li + 1)(2lph + 1)
· IE(li, lf , lph, li + 1, lph − 1, µ) ·
{
J1(li, lf , lph − 1) − li · J2(li, lf , lph − 1)
}
−
−
√
(li + 1) lph
(2li + 1)(2lph + 1)
· IE(li, lf , lph, li + 1, lph + 1, µ) ·
{
J1(li, lf , lph + 1) − li · J2(li, lf , lph + 1)
}
.
(E19)
29
By the same way, we find components p˜Mlphµ and p˜
E
lphµ
:
p˜Mlphµ =
+∞∫
0
R∗f (r)Ri(r) jlph (kr) r
2dr · ξµ
∫
Y ∗lfmf (n
f
r )Ylimi(n
i
r)T
∗
lphlph,µ(nph) dΩ,
p˜Elphµ =
√
lph + 1
2lph + 1
+∞∫
0
R∗f (r)Ri(r) jlph−1(kr) r
2dr · ξµ
∫
Y ∗lfmf (n
f
r )Ylimi(n
i
r)T
∗
lphlph−1,µ(nph) dΩ −
−
√
lph
2lph + 1
+∞∫
0
R∗f (r)Ri(r) jlph+1(kr) r
2dr · ξµ
∫
Y ∗lfmf (n
f
r )Ylimi(n
i
r)T
∗
lphlph+1,µ(nph) dΩ.
(E20)
Introducing new integrals:
J˜ (li, lf , n) =
+∞∫
0
Ri(r)R
∗
f (l, r) jn(kr) r
2dr,
I˜ (li, lf , lph, n, µ) = ξµ
∫
Ylimi(n
i
r) Y
∗
lfmf
(nfr )T
∗
lphn,µ
(nph) dΩ,
(E21)
we rewrite (E20) as
p˜Mlphµ = I˜ (li, lf , lph, lph, µ) · J˜ (li, lf , lph),
p˜Elphµ =
√
lph + 1
2lph + 1
I˜ (li, lf , lph, lph − 1, µ) · J˜ (li, lf , lph − 1)−
√
lph
2lph + 1
I˜ (li, lf , lph, lph + 1, µ) · J˜ (li, lf , lph + 1).
(E22)
5. Calculation of terms p˘Mlphµ and p˘
E
lphµ
: case of li 6= 0
In this Section we calculate components p˘Mlphµ and p˘
E
lphµ
at li 6= 0. From (E15) we have:
p˘Mlphµ = ξµ
∫
ϕ∗f (r)ϕi(r)V (r) A
∗
lphµ
(r,M) dr, p˘Elphµ = ξµ
∫
ϕ∗f (r)ϕi(r)V (r) A
∗
lphµ
(r, E) dr, (E23)
ϕi(r) = Ri(r) Ylimi(n
i
r), ϕf (r) = Rf (r) Ylfmf (n
f
r ). (E24)
For magnetic component p˘Mlµ li 6= 0 we obtain:
p˘Mlµ = ξµ
+∞∫
0
dr
∫
dΩ r2ϕ∗f (r)ϕi(r)V (r) A
∗
lphµ
(r,M) =
= ξµ
+∞∫
0
dr
∫
dΩ r2R∗f (r) Y
∗
lfm
(nfr )Ri(r) Ylim(n
i
r)V (r) jlph (kr)T
∗
lphlph,µ
(nph) =
=
+∞∫
0
R∗f (r)Ri(r)V (r) jlph(kr) r
2dr · ξµ
∫
Y ∗lfm(n
f
r )Ylim(n
i
r)T
∗
lphlph,µ
(nph) dΩ.
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For electric component p˘Elphµ we have:
p˘Elphµ = ξµ
+∞∫
0
dr
∫
dΩ r2ϕ∗f (r)ϕi(r)V (r) A
∗
lphµ(r, E) =
= ξµ
+∞∫
0
dr
∫
dΩ r2R∗f (r)Y
∗
lfmf (n
f
r )Ri(r)Ylimi(n
i
r)V (r) ×
×
{√
lph + 1
2lph + 1
jlph−1(kr)T
∗
lphlph−1,µ
(nph)−
√
lph
2lph + 1
jlph+1(kr)T
∗
lphlph+1,µ
(nph)
}
=
=
√
lph + 1
2lph + 1
+∞∫
0
R∗f (r)Ri(r)V (r) jlph−1(kr) r
2dr · ξµ
∫
Y ∗lfmf (n
f
r )Ylimi(n
i
r)T
∗
lphlph−1,µ(nph) dΩ −
−
√
lph
2lph + 1
+∞∫
0
R∗f (r)Ri(r)V (r) jlph+1(kr) r
2dr · ξµ
∫
Y ∗lfmf (n
f
r )Ylimi(n
i
r)T
∗
lphlph+1,µ
(nph) dΩ.
So, components p˘Mlphµ and p˘
E
lphµ
have form:
p˘Mlphµ =
+∞∫
0
R∗f (r)Ri(r)V (r) jlph (kr) r
2dr · ξµ
∫
Y ∗lfm(n
f
r )Ylim(n
i
r)T
∗
lphlph,µ(nph) dΩ,
p˘Elphµ =
√
lph + 1
2lph + 1
+∞∫
0
R∗f (r)Ri(r)V (r) jlph−1(kr) r
2dr · ξµ
∫
Y ∗lfmf (n
f
r )Ylimi(n
i
r)T
∗
lphlph−1,µ(nph) dΩ −
−
√
lph
2lph + 1
+∞∫
0
R∗f (r)Ri(r)V (r) jlph+1(kr) r
2dr · ξµ
∫
Y ∗lfmf (n
f
r )Ylimi(n
i
r)T
∗
lphlph+1,µ
(nph) dΩ.
(E25)
Using notation (E21) for the angular integral I˜ (li, lf , lph, n, µ), we rewrite Eqs. (E25) as
p˘Mlphµ = I˜ (li, lf , lph, lph, µ) · J˘ (li, lf , lph),
p˘Elphµ =
√
lph + 1
2lph + 1
I˜ (li, lf , lph, lph − 1, µ) · J˘ (li, lf , lph − 1)−
√
lph
2lph + 1
I˜ (li, lf , lph, lph + 1, µ) · J˘ (li, lf , lph + 1),
(E26)
where we introduce the following new denotation:
J˘ (li, lf , n) =
+∞∫
0
Ri(r)R
∗
l,f (r)V (r) jn(kr) r
2dr. (E27)
6. Calculation of components pMlphµ and p
E
lphµ
and p˜Mlphµ, p˜
E
lphµ
: case of li = 0
In this section let su analyze case of li = 0. We have:
ϕi(r) = Ri(r) Y00(n
i
r). (E28)
Using gradient formula (see [61], (2.56), p. 46):
∂
∂r
f(r)Ylm(nr) =
√
l
2l + 1
(
df
dr
+
l + 1
r
f
)
Tll−1,m(nr)−
√
l + 1
2l+ 1
(
df
dr
− l
r
f
)
Tll+1,m(nr) (E29)
and taking into account Eq. (E28), we obtain:
∂
∂r
ϕi(r) = −dRi(r)
dr
T01,0(n
i
r). (E30)
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Using this relation and Eq. (E3), we transform expressions (E15). For the magnetic component pMlµ we obtain:
p
M0mf
lphµ
=
+∞∫
0
dr
∫
dΩ r2ϕ∗f (r)
(
∂
∂r
ϕi(r)
)
A∗lphµ(r,M) =
=
+∞∫
0
dr
∫
dΩ r2R∗f (r) Y
∗
lfmf (n
f
r )
(
−dRi(r)
dr
T01,0(n
i
r)
)
jlph(kr)T
∗
lphlph,µ(nph) =
= −
+∞∫
0
R∗f (r)
dRi(r)
dr
jlph(kr) r
2dr ·
∫
Y ∗lfmf (n
f
r )T01,0(n
i
r)T
∗
lphlph,µ(nph) dΩ.
For the electric component pElphµ we obtain:
p
E0mf
lphµ
=
+∞∫
0
dr
∫
dΩ r2ϕ∗f (r)
(
∂
∂r
ϕi(r)
)
A∗lphµ(r, E) =
=
+∞∫
0
dr
∫
dΩ r2 R∗f (r) Y
∗
lfmf (n
f
r )
(
−dRi(r)
dr
T01,0(n
i
r)
)
×
×
{√
lph + 1
2lph + 1
jlph−1(kr)T
∗
lphlph−1,µ
(nph)−
√
lph
2lph + 1
jlph+1(kr)T
∗
lphlph+1,µ
(nph)
}
=
= −
√
lph + 1
2lph + 1
+∞∫
0
R∗f (r)
dRi(r)
dr
jlph−1(kr) r
2dr ·
∫
Y ∗lfmf (n
f
r )T01,0(n
i
r)T
∗
lphlph−1,µ
(nph) dΩ−
+
√
lph
2lph + 1
+∞∫
0
R∗f (r)
dRi(r)
dr
jlph+1(kr) r
2dr ·
∫
Y ∗lfmf (n
f
r )T01,0(n
i
r)T
∗
lphlph+1,µ
(nph) dΩ.
So, the components pMlphµ and p
E
lphµ
have form:
p
M0mf
lphµ
= −
+∞∫
0
R∗f (r)
dRi(r)
dr
jlph(kr) r
2dr ·
∫
Y ∗lfmf (n
f
r )T01,0(n
i
r)T
∗
lphlph,µ(nph) dΩ,
p
E0mf
lphµ
= −
√
lph + 1
2lph + 1
+∞∫
0
R∗f (r)
dRi(r)
dr
jlph−1(kr) r
2dr ·
∫
Y ∗lfmf (n
f
r )T01,0(n
i
r)T
∗
lphlph−1,µ(nph) dΩ−
+
√
lph
2lph + 1
+∞∫
0
R∗f (r)
dRi(r)
dr
jlph+1(kr) r
2dr ·
∫
Y ∗lfmf (n
f
r )T01,0(n
i
r)T
∗
lphlph+1,µ(nph) dΩ.
(E31)
We introduce the following definitions:
J (lf , n) =
+∞∫
0
dRi(r)
dr
R∗f (l, r) jn(kr) r
2dr,
I (lf , lph, n, µ) =
∫
Y ∗lfmf (n
f
r )T01,0(n
i
r)T
∗
lphn,µ
(nph) dΩ.
(E32)
Then one can write Eqs. (E31) as
p
M0mf
lphµ
= −I (lf , lph, lph, µ) · J (lf , lph),
p
E0mf
lphµ
= −
√
lph + 1
2lph + 1
I (lf , lph, lph − 1, µ) · J (lf , lph − 1) +
√
lph
2lph + 1
I (lf , lph, lph + 1, µ) · J (lf , lph + 1).
(E33)
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By the same way, we find the components p˜
M0mf
lphµ
and p˜
E0mf
lphµ
:
p˜
M0mf
lphµ
=
+∞∫
0
R∗f (r)Ri(r) jlph (kr) r
2dr · ξµ
∫
Y ∗lfmf (n
f
r )T
∗
lphlph,µ
(nph) dΩ,
p˜
E0mf
lphµ
=
√
lph + 1
2lph + 1
+∞∫
0
R∗f (r)Ri(r) jlph−1(kr) r
2dr · ξµ
∫
Y ∗lfmf (n
f
r )T
∗
lphlph−1,µ
(nph) dΩ −
−
√
lph
2lph + 1
+∞∫
0
R∗f (r)Ri(r) jlph+1(kr) r
2dr · ξµ
∫
Y ∗lfmf (n
f
r )T
∗
lphlph+1,µ
(nph) dΩ.
(E34)
Introducing new integrals:
J˜ (lf , n) =
+∞∫
0
Ri(r)R
∗
f (l, r) jn(kr) r
2dr,
I˜ (lf , lph, n, µ) = ξµ
∫
Y ∗lfmf (n
f
r )T
∗
lphn,µ(nph) dΩ,
(E35)
we rewrite Eq. (E34) as
p˜
M0mf
lphµ
= I˜ (lf , lph, lph, µ) · J˜ (lf , lph),
p˜
E0mf
lphµ
=
√
lph + 1
2lph + 1
I˜ (lf , lph, lph − 1, µ) · J˜ (lf , lph − 1)−
√
lph
2lph + 1
I˜ (lf , lph, lph + 1, µ) · J˜ (lf , lph + 1).
(E36)
7. Calculation of components p˘Mlphµ and p˘
E
lphµ
: case of li = 0
Now we calculate the components p˘Mlphµ and p˘
E
lphµ
at li = 0. From Eqs. (E15) and (E28) we have:
p˘
M0mf
lphµ
= ξµ
∫
ϕ∗f (r)ϕi(r)V (r) A
∗
lphµ(r,M) dr, p˘
E0mf
lphµ
= ξµ
∫
ϕ∗f (r)ϕi(r)V (r) A
∗
lphµ(r, E) dr, (E37)
ϕi(r) = Ri(r) Y00(n
i
r), ϕf (r) = Rf (r) Ylfmf (n
f
r ). (E38)
For the magnetic component p
M0mf
lµ we obtain:
p˘
M0mf
lphµ
= ξµ
+∞∫
0
dr
∫
dΩ r2ϕ∗f (r)ϕi(r)V (r) A
∗
lphµ
(r,M) =
= ξµ
+∞∫
0
dr
∫
dΩ r2R∗f (r) Y
∗
lfmf
(nfr )Ri(r)V (r) jlph(kr)T
∗
lphlph,µ
(nph) =
= ξµ
+∞∫
0
R∗f (r)Ri(r)V (r) jlph(kr) r
2dr ·
∫
Y ∗lfmf (n
f
r )T
∗
lphlph,µ
(nph) dΩ.
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For the electric component p
E0mf
lphµ
we obtain:
p˘
E0mf
lphµ
= ξµ
+∞∫
0
dr
∫
dΩ r2ϕ∗f (r)ϕi(r)V (r) A
∗
lphµ
(r, E) =
= ξµ
+∞∫
0
dr
∫
dΩ r2 R∗f (r) Y
∗
lfmf
(nfr )Ri(r)V (r) ×
×
{√
lph + 1
2lph + 1
jlph−1(kr)T
∗
lphlph−1,µ
(nph)−
√
lph
2lph + 1
jlph+1(kr)T
∗
lphlph+1,µ
(nph)
}
=
= ξµ
√
lph + 1
2lph + 1
+∞∫
0
R∗f (r)Ri(r)V (r) jlph−1(kr) r
2dr ·
∫
Y ∗lfmf (n
f
r )T
∗
lphlph−1,µ(nph) dΩ −
− ξµ
√
lph
2lph + 1
+∞∫
0
R∗f (r)Ri(r)V (r) jlph+1(kr) r
2dr ·
∫
Y ∗lfmf (n
f
r )T
∗
lphlph+1,µ(nph) dΩ.
So, the components p
M0mf
lphµ
and p
E0mf
lphµ
have form:
p˘
M0mf
lphµ
= ξµ
+∞∫
0
R∗f (r)Ri(r)V (r) jlph(kr) r
2dr ·
∫
Y ∗lfmf (n
f
r )T
∗
lphlph,µ
(nph) dΩ,
p˘
E0mf
lphµ
= ξµ
√
lph + 1
2lph + 1
+∞∫
0
R∗f (r)Ri(r)V (r) jlph−1(kr) r
2dr ·
∫
Y ∗lfmf (n
f
r )T
∗
lphlph−1,µ
(nph) dΩ −
− ξµ
√
lph
2lph + 1
+∞∫
0
R∗f (r)Ri(r)V (r) jlph+1(kr) r
2dr ·
∫
Y ∗lfmf (n
f
r )T
∗
lphlph+1,µ
(nph) dΩ.
(E39)
Using Eq. (E35) for the angular integral, we rewrite (E39) as
p˘
M0mf
lphµ
= I˜ (lf , lph, lph, µ) · J˘ (0, lf , lph),
p˘
E0mf
lphµ
=
√
lph + 1
2lph + 1
I˜ (lf , lph, lph − 1, µ) · J˘ (0, lf , lph − 1)−
√
lph
2lph + 1
I˜ (lf , lph, lph + 1, µ) · J˘ (0, lf , lph + 1).
(E40)
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